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Preface

Theoretical and applied research in flow, heat, and mass transfer in porous
media has received increased attention during the past three decades. This
is due to the importance of this research area in many engineering applic-
ations. Significant advances have been made in modeling fluid flow, heat,
and mass transfer through a porous medium including clarification of sev-
eral important physical phenomena. For example, the non-Darcy effects on
momentum, energy, and mass transport in porous media have been studied in
depth for various geometrical configurations and boundary conditions. Many
of the research works in porous media for the past couple of decades util-
ize what is now commonly known as the Brinkman-Forchheimer-extended
Darcy or the generalized model.

Important topics that have received significant interest include porosity
variation, thermal dispersion, the effects of local thermal equilibrium between
the fluid phase and the solid phase, partially filled porous configurations, and
anisotropic porous media, among others. Advanced measurement techniques
have also been developed including more efficient measurement of effective
thermal conductivity, flow and heat transfer measurement, and flow visu-
alization. The main objective of this handbook is to compile and present
the pertinent recent research information related to heat and mass transfer
including practical applications for analysis and the design of engineering
devices and systems involving porous media. Both the first and the present
editions of the Handbook of Porous Media are aimed at providing researchers
with the most pertinent and up-to-date advances in modeling and analysis
of flow, heat, and mass transfer in porous media. The second edition of the
Handbook of Porous Media, which addresses a substantially different set of
topics compared to the first edition includes recent studies related to cur-
rent and future challenges and advances in fundamental aspects of porous
media, viscous dissipation, forced and double diffusive convection in porous
media, turbulent flow, dispersion, particle migration and deposition in por-
ous media, dynamic modeling of convective transport through porous media,
and a number of other important topics.

It is important to recognize that different models can be found in the liter-
ature and in the present handbook in the area of fluid flow, heat, and mass
transfer in porous media. An in-depth analysis of these models is essential
in resolving uncertainty in utilizing them (see Tien, C.L. and Vafai, K., 1989,
Convective and radiative heat transfer in porous media, Adv. Appl. Mech.,
27, 225-282; Hadim, H. and Vafai, K., Overview of current computational

© 2005 by Taylor & Francis Group, LLC
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studies of heat transfer in porous media and their applications — forced con-
vection and multiphase transport, in W. J. Minkowycz and E. M. Sparrow,
eds, Advances in Numerical Heat Transfer, Taylor and Francis, Vol. 2, Chap. 9,
pp- 291-330, Taylor & Francis, New York (2000); Vafai, K. and Hadim, H.,
Overview of current computational studies of heat transfer in porous media
and their applications — natural convection and mixed convection, in W. J.
Minkowycz and E. M. Sparrow, eds, Advances in Numerical Heat Transfer,
Taylor and Francis, Vol. 2, Chap. 10, pp. 331-371, Taylor & Francis, New York
(2000)). Additionally, competing models for multiphase transport models
in porous media were analyzed in detail in Vafai and Sozen (Vafai, K. and
Sozen, M., 1990, A comparative analysis of multiphase transport models in
porous media, Annu. Rev. Heat Transfer, 3, 145-162). In that work, a critical ana-
lysis of various multiphase models including the phase change process was
presented. These previous studies provide some clarification and insight for
understanding several pertinent aspects of modeling of transport phenomena
in porous media utilized in the literature and this handbook.

In another study, detailed analysis of variations among transport models
for fluid flow and heat transfer in porous media was presented (see Alazmi, B.
and Vafai, K., 2000, Analysis of variants within the porous media transport
models, ASME |. Heat Transfer, 122, 303-326). In this work the pertinent mod-
els for fluid flow and heat transfer in porous media for four major categories
were analyzed. Another important aspect of modeling in porous media relates
to interface conditions between a porous medium and a fluid layer. As such,
analysis of fluid flow and heat transfer in the neighborhood of an interface
region for the pertinent interfacial models is presented in Alazmi and Vafai
(Alazmi, B. and Vafai, K., 2000, Analysis of fluid flow and heat transfer inter-
facial conditions between a porous medium and a fluid layer, Int. ]. Heat Mass
Transfer, 44, 1735-1749). Determination of the appropriate thermal boundary
conditions for the solid and fluid phases within a porous medium is also
an important aspect of modeling in porous media. This type of modeling
is necessary when prescribed wall heat flux boundary conditions and local
thermal nonequilibrium effects are present. As such, Alazmi and Vafai (2000)
presented and analyzed different pertinent forms of constant heat flux bound-
ary conditions (see Alazmi, B. and Vafai, K., 2000, Constant wall heat flux
boundary conditions in porous media under local thermal non-equilibrium
conditions, Int. J. Heat Mass Transfer, 45, 3071-3087).

Developments in modeling transport phenomena in porous media have
advanced several pertinent areas, such as biology (see Khaled, A. -R. A. and
Vafai, K., 2003, The role of porous media in modeling flow and heat transfer
in biological tissues, Int. |. Heat Mass Transfer, 46, 4989-5003). In this work,
various biological areas such as diffusion in brain tissues, diffusion during
tissue generation process, the use of Magnetic Resonance Imaging (MRI) to
characterize tissue properties, blood perfusion in human tissues, blood flow
in tumors, bioheat transfer in tissues, and bioconvection that utilize different
transport models in porous media have been synthesized. Different turbu-
lent models for transport through porous media were analyzed in detail by
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Vafai et al. (Vafai et al., 2005, Synthesis of models for turbulent transport
through porous media, in W. . Minkowycz and E. M. Sparrow, eds, Handbook
of Numerical Heat Transfer, John Wiley & Sons, New York). In this work, vari-
ous features, strengths, and weaknesses of the pertinent turbulent models
for flow through porous media have been analyzed and the formulation of a
generalized model leading to a more promising model has been established
and discussed. Further advances in porous media include modeling of the
free surface fluid flow and heat transfer through porous media. This topic
is important in a number of engineering applications such as geophysics,
die filling, metal processing, agricultural and industrial water distribution,
oil recovery techniques, and injection molding. Accordingly, a comprehens-
ive analysis of the free surface fluid flow and heat transfer through porous
media is presented in a recent work by Alazmi and Vafai (see Alazmi, B. and
Vafai, K., 2004, Analysis of variable porosity, thermal dispersion and local
thermal non-equilibrium effects on free surface flows through porous media,
J. Heat Transfer, 126, 389-399).

This handbook is targeted at researchers, practicing engineers, as well as
seasoned beginners in this field. A leading expert in the related subject area
presents each topic. An attempt has been made to present the topics in a cohes-
ive, concise yet complementary way with a common format. Nomenclature
common to various sections was used as much as possible.

The Handbook of Porous Media, Second Edition, is arranged into seven sections
with a total of 17 chapters. The material in Part I covers fundamental topics
of transport in porous media including theoretical models of fluid flow, the
local volume-averaging technique and viscous and dynamic modeling of con-
vective heat transfer, and dispersion in porous media. Part I covers various
aspects of forced convection in porous media including numerical modeling,
thermally developing flows and three-dimensional flow, and heat transfer
within highly anisotropic porous media. Natural convection, double diffus-
ive convection and flows induced by both natural convection and vibrations
in porous media are presented in Part III. Part IV presents the effects of vis-
cous dissipation in porous media for natural, mixed, and forced convection
applications. Part V covers turbulence in porous media. Particle migration
and deposition in porous media — composed of two parts — are discussed in
Part VI. The final part, VII, covers several important applications of transport
in porous media, including geothermal systems, liquid composite molding,
combustion in inert porous media, and bioconvection applications in porous
media. Also, the final part includes the application of Genetic Algorithms
(GAs) for identification of the hydraulic properties of porous materials in the
context of petroleum, civil, and mining engineering.

Chapter 1 examines the general problem of coupled, nonlinear mass trans-
fer with heterogeneous reaction in porous media. This situation occurs
whenever the mole fraction of the diffusing species is not small compared
to one. Under these conditions, the flux depends on both the mole fractions
and the mole fraction gradients of all other species that are present. For most
processes of diffusion and reaction in porous media, the governing equations
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can be linearized over the averaging volume and this allows for the method
of volume averaging to be applied in the traditional manner. The main con-
clusion of this work is that a single tortuosity tensor describes the influence
of the porous medium on the diffusion process of all species present in the
system.

In Chapter 2, macroscopic descriptions of flows and convective heat trans-
fer in porous media are obtained by averaging the microscopic Navier-Stokes
and energy equations volumetrically over fluid and solid phases, respectively.
This averaging procedure leads to the closure problem where new unknowns
require modeling to relate the unknowns to the averaged flow quantities.
Dynamic closure modeling for incompressible flows was constructed based
on the first principle of microscopic heat convection over the solids. The coef-
ficients in the closure relations, which depend only on the microstructure
of solids, are evaluated experimentally and/or numerically for some special
micro-geometries, such as the periodic media in two and three dimensions.
The analogies of the flows and heat transfer in porous media to those of
Hele-Shaw cells that represent laminated parallel-plates are examined. The
characteristics of macroscopic convective heat transfer in porous media are
demonstrated with the steady forced convections and the enhanced heat
transfer by oscillating flows past a heated circular cylinder in Hele-Shaw
cells.

Chapter 3 starts with the general volume-averaged transport equations:
fluid flow momentum equation, energy balance equation, and mass balance
equation. In these equations, there is a common term that is absent for flow
through a system where the porous matrix is not present, namely, the disper-
sion. Mathematically, the origin of the dispersion is due to the microscopic
spatial velocity variation (special fluctuation). Physically, dispersion occurs
because of constant joining and splitting of flow streams when the fluid is
traversing through the porous structure. Discussion of the dispersion and
its effect on single fluid (and multiple fluids) flow, heat transfer, and mass
transfer is presented. Dispersion models are evaluated in this chapter.

Chapter 4 deals with recent analytical studies of forced convection in
channels or ducts. The studies fall under two headings, namely thermal devel-
opment and transverse (cross-channel) heterogeneity. The extension to the
case of local thermal nonequilibrium is also studied. Further, the extension to
the case where axial conduction and viscous dissipation are not negligible is
analyzed. In this chapter, the effect of transverse heterogeneity with respect
to permeability or thermal conductivity (or both) is also discussed for the case
of fully developed forced convection in a parallel-plate channel and a circular
duct, with walls at uniform temperature or uniform heat flux.

Chapter 5 presents a review of recent studies on the hydrodynamics and
heat transfer effects of variable (with temperature) viscosity flows in a liquid
saturated porous media channel. The Hydrodynamics section discusses in
detail the fundamental modifications necessary to correct existing models,
leading to the newly proposed Modified-HDD model. Influence of vari-
able viscosity on the Nusselt number, the pump power, and other aspects
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related to heat-transfer enhancements, are reviewed in the Heat Transfer
section. A Perturbation Models section reviews alternative efforts to address
the thermohydraulic problem analytically. Before concluding, a brief section
is devoted on the experimental validation of the proposed models.

A numerical model for a three-dimensional heat and fluid flow through
a bank of infinitely long cylinders in yaw has been proposed in Chapter 6
to investigate complex flow and heat-transfer characteristics associated with
man made anisotropic porous media, such as extended fins and plate fins
in heat-transfer equipment. Upon exploiting the periodicity of the structure,
one structural unit is found to represent the calculation domain. An eco-
nomical quasi-three-dimensional calculation procedure has been proposed
in this chapter to replace exhaustive three-dimensional numerical manipula-
tions. Extensive numerical calculations were carried out in this chapter for
various sets of the porosity, degree of anisotropy, Reynolds number, and
macroscopic flow direction in a three-dimensional space. Upon examining
the numerical data, a useful set of explicit expressions are established for
the permeability tensor and directional interfacial heat-transfer coefficient to
characterize flow and heat transfer through a bank of cylinders. The system-
atic modeling procedure proposed in this study can be utilized to conduct
subscale modelings of manmade structures needed in the possible applic-
ations of a volume-averaging theory to investigate flow and heat transfer
within complex heat and fluid flow equipment consisting of small elements.

Chapter 7 contains substantially revised material on double-diffusive con-
vection from the first version of the Handbook of Porous Media. Also, new
updated material is included as well as new results concerning the Soret
effect in double-diffusive convection in porous media.

Chapter 8 presents a linear and weakly nonlinear stability analysis (analyt-
ical and numerical study) of the thermal diffusive regime under the action
of mechanical harmonic vibrations. In this chapter, the influence of high fre-
quencies and small amplitude vibrations on the onset of convection in an
infinite horizontal porous layer and in rectangular cavity filled with a satur-
ated porous medium is studied. The influence of the direction of vibration
is also studied when the equilibrium or quasi-equilibrium solution exists.
In this chapter, the so-called time-averaged formulation is utilized. The two
horizontal walls, of the cell, are kept at different but uniform temperatures,
while vertical walls are subject to adiabatic conditions.

Chapter 9 reviews recent research progress related to the effect of viscous
dissipation on steady free, forced, and mixed convection flows over a vertical
plane surface embedded in a fluid saturated porous medium. The presence
of viscous dissipation breaks the usual equivalence between the upward free
convection flow from a heated vertical flat plate and from its downward
cooled counterpart. In the latter case the opposing effect of the buoyancy
forces due to heat release by viscous dissipation can give rise to a parallel flow.
In the case of forced and mixed convection flows, the usual thermal asymp-
totic condition contradicts the energy equation when the viscous dissipation
is taken into account. The asymptotic conditions that need to be substituted
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in order to achieve consistency with the energy equation are set forth. It is
shown that any local disturbance of the static equilibrium of a (resting) fluid
leads to a local heat release due to viscous dissipation and in turn, owing
to gravity, to a self-sustaining buoyant flow, even if the plate is kept at the
constant ambient temperature of the fluid. With the aid of a uniform lateral
suction of the fluid, this self-sustaining buoyant flow is shown to behave as
a steady jet-like momentum and thermal boundary layer. This turns out to
be a universal flow in the sense that its characteristics do not depend on the
thermophysical properties of the fluid and the solid skeleton. These kinds of
flows are discussed in detail in this chapter.

In Chapter 10, the double-decomposition concept (Pedras, M.H.]. and
de Lemos, M.].S., IJHMT, 44(6), 1081-1093, 2001) is presented and thor-
oughly discussed prior to the derivation of macroscopic governing equations.
Equations for turbulent momentum transport in porous media are listed
showing detailed derivation for the mean and turbulent field quantities. The
statistical k—¢ model for clear domains, used to model macroscopic turbulence
effects, serves also as the basis for turbulent heat transport modeling. Also,
this chapter discusses applications in Hybrid Media covering flow over wavy
porous layers in channels and in cavities partially filled with porous material.

A microscopic phenomenological model and its simulation and experi-
mental validation for fine particle migration and deposition in porous media is
presented in Chapter 11. The mathematical model of Gruesbeck and Collins
(Gruesbeck, C. and Collins, R.E., 1982, Entrainment and deposition of fine
particles in porous media, SPEJ, 22(6), 847-856) with the modifications and
improvements proposed by Civan (Civan, E, 2000, Reservoir Formation Dam-
age — Fundamentals, Modeling, Assessment, and Mitigation, Gulf Pub. Co.
Houston, TX, and Butterworth-Heinemann, Woburn, MA) is utilized in this
work. A bundle of plugging and nonplugging parallel capillary pathways is
developed in order to represent the particle and fluid transfer processes asso-
ciated with flow of a particle-fluid suspension through porous media. This
model allows for particle transfer between the plugging (highly tortuous flow
paths) and nonplugging (smoother flow paths) pathways by means of cross-
flow, and attempts to simulate the porosity and permeability reduction, and
the evolution of plugging and nonplugging pathways by particle deposition
in porous media.

In Chapter 12, rectilinear and radial macroscopic phenomenological mod-
els along with analytical solutions and applications for impairment of porous
media by migration and deposition of fine particles are presented. The mech-
anism and kinetics of the fine-particle deposition in porous media for two
different models are described. The two models are compared and a phe-
nomenological approach is taken to represent the depositional source/sink
term and to provide constitutive relationships. For these models, the coupled
set of nonlinear equations are expressed in normalized variables and solved
analytically by means of the method of characteristics for both rectilinear and
radial flows in porous media. Analytical solutions are provided for both con-
stant and variable deposition rates. The analysis in this chapter compares the
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solutions and results of the two models with an eye toward the interpretation
and representation of experimental data.

Chapter 13 describes the mathematical modeling process applied to phys-
ical systems where fluids move within heated porous ground structures.
The parameters that are needed to describe the thermodynamic properties
of the fluid and solid phases are listed and explained. Techniques for solving
the nonlinear system of differential equations, which result from the formal
modeling process are described, and some recent developments and foci of
research in this area are discussed.

Chapter 14 deals with Liquid Composite Molding (LCM) processes such
as Resin Transfer Molding (RTM), Vacuum Assisted Resin Transfer Mold-
ing (VARTM), Colnjection Resin Transfer Molding (CIRTM), and Structuring
Reaction Injection Molding (SRIM). These processes are used for manufac-
turing advanced polymer composites. In such processes, the fiber preform
is placed inside the mold cavity and a thermoset resin is injected into the
mold to wet the fiber preform. The resin cures and cross-links to form a solid
composite material. To understand the impregnation and the curing process
during manufacturing of composites, research has been conducted to model
the heat and flow phenomena in the LCM processes. The transport theories in
porous media and the chemical reaction equations have been used to model
the thermal and fluid behavior.

Chapter 15 of this handbook discusses premixed combustion of gaseous
fuels and air, which react in porous inert media (PIM) that serve as “flame
holders” for the burners. The intimate coupling of local chemical energy
release during the reaction and heat transfer by conduction, convection, and
radiation in the solid matrix results in recirculation of part of the heat of reac-
tion and affects the flame speed, flame stability, the peak flame temperature,
and pollutant emissions. The design, theory, modeling, and characteristics
of selected combustion systems in which the reactants are preheated using
heat recycled from beyond the flame zone, without mixing the two streams,
are discussed in this chapter. Applications of devices that have the potential
for high efficiencies, low pollutant emissions, and possibility of burning low
calorific value gaseous fuels and combustion of lean hydrogen/air mixtures
are discussed here.

Chapter 16 deals with bioconvection in porous media. This is an area that
is related to a number of pertinent biological applications. One of the applic-
ations of porous media is in control and suppression of bioconvection. This
problem is of importance, for example, in separation between living and
dead cells in suspensions of upswimming mobile microorganisms. Since liv-
ing microorganisms are heavier than water, their upswimming results in an
increase in the density of the upper fluid layer. This leads to convection
instability that induces convective motion in the fluid layer. This convect-
ive motion, called bioconvection, moves the dead cells from the lower part of
the fluid layer and transports them to the upper part of the fluid layer, causing
mixing between living and dead cells. By utilizing porous substrates it is pos-
sible to control or even completely suppress bioconvection. A large portion of
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the chapter is devoted to derivation of the stability criteria for bioconvection
in porous media. The effect of cell deposition and declogging as well as the
effect of fouling of porous media on the critical permeability are investigated.
Finally, this chapter also presents a theory of a bioconvection plume in a sus-
pension of oxytactic bacteria in a deep chamber filled with a fluid saturated
porous medium.

The last chapter in the handbook addresses the inverse problem of the
identification of the hydraulic properties of porous materials in the context
of petroleum, civil, and mining engineering. The application of GAs, which
attempts to imitate the principles of biological evolution in the construction
of optimization strategies and has led to the development of a powerful and
efficient optimization tool, is investigated for such purposes. In this chapter,
an inversion technique is formulated in order to retrieve homogeneous or
spacewise dependent material property coefficients. Surface measurements
by means of simulated ports along the sealed boundaries of the materials serve
as information to the GA optimization procedure, thus enabling a modified
least squares functional to minimize the difference between the observed and
the numerically predicted boundary pressure and/or average hydraulic flux
measurements under current hydraulic conductivity tensor and specific stor-
age estimates. Composite anisotropic materials, that is, incorporating faults,
are also investigated. Parameter identification in inverse problems is numer-
ically investigated and the results are found to provide an accurate means
of recovering the required material properties. A comparison on the per-
formance of the inversion highlights the advantages of the GA optimization
approach against a traditional gradient-based optimization procedure.

In each of these chapters whenever applicable pertinent aspects of exper-
imental work or numerical techniques are discussed. Experts in the field
reviewed each chapter of this handbook. Overall, there were many reviewers
who were involved. The authors and I are very thankful for the valuable and
constructive comments that were received.

Kambiz Vafai
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1.1 Introduction

This chapter deals with multicomponent mass transfer and heterogeneous
reaction under conditions where temperature effects can be ignored. The
process is illustrated in Figure 1.1 where we have identified a flowing fluid as
the y-phase and an impermeable solid as the «-phase. The chemical reaction
takes place at the y—« interface, and when convective transport is important
this situation is often referred to as mass transfer with reaction at a nonporous
catalyst. Such systems are commonly treated in texts on reactor design [1-4]
and in many cases one must consider the effect of heat transfer on the reac-
tion rate. When convective transport is negligible, the process illustrated in

3
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4 Michel Quintard and Stephen Whitaker

FIGURE 1.1
Transport in a rigid porous medium.

Figure 1.1 represents a case of diffusion and reaction in a porous catalyst, and
this is a major problem in the area of reactor design.

In texts on reactor design, problems of mass transfer and reaction are
uniformly presented in terms of an uncoupled, linear convective—diffusion
equation, or as an uncoupled, linear diffusion equation in the case of por-
ous catalysts. This simplification is applicable when the reacting species is
dilute and this requires that the mole fraction of the reacting species be small
compared to one. When this is not the case, the diffusive transport becomes
nonlinear, and what is often considered to be a routine transport problem
becomes quite complex. Direct numerical solution of the nonlinear prob-
lem is possible; however, transport processes in porous media necessarily
demand spatially smoothed equations [5] and this increases the complexity
of the analysis.

1.2 Mass Transfer

Problems of isothermal mass transfer and reaction are usually based on the
species continuity equation [6, 7] in the molar form given by

dcay
ot

+ V- (cayvay) = Ray, A=1,2,...,N (1.1)

along with the species mass jump condition at the y—« interface. When surface
transport [8] can be neglected, the jump condition takes the form

dCAs
ot

= (cAyVay) - Ny, + Ry, atthe y—« interface, A=1,2,...,N (1.2)
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Nonlinear Mass Transfer in Porous Media 5

in which n,, represents the unit normal vector directed from the y-phase to
the k-phase. In Eq. (1.1) we have used c4, to represent the bulk concentration
of species A (moles per unit volume), while in Eq. (1.2) we have used cgs
to represent the surface concentration of species A (moles per unit area).
The nomenclature for the homogeneous reaction rate, R4,, and heterogen-
eous reaction rate, R4s, follows the same pattern. Both Egs. (1.1) and (1.2)
can be expressed in terms of the species mass density and the mass rate of
reaction; however, most phase equilibrium data are given in terms of mole
fractions and most chemical kinetic constitutive equations are given in terms
of molar concentrations, thus we prefer to base our analysis on the molar
forms given by Egs. (1.1) and (1.2).

The independent homogeneous and heterogeneous chemical reaction rates
[9] must be specified in terms of the molar concentrations of the N species
by a chemical kinetic constitutive equation. A complete description of the
mass transfer process requires a connection between the surface concentration,
c4s, and the bulk concentration, ca,. One classic connection is based on the
condition of local mass equilibrium, and for a linear equilibrium relation this
concept takes the form

cas = Kacay, atthe y—« interface, A=1,2,...,N (1.3a)

The condition of local mass equilibrium can exist even when adsorption
and chemical reaction are taking place [5, problem 1.3]. When local mass
equilibrium is not valid, one must propose an interfacial flux constitutive
equation. The classic linear form is given by [10, 11]

(CayVay) Ny =karca, —k_a1cas, at the y—« interface, A=1,2,...,N
(1.3b)

in which ka1 and k_4; represent the adsorption and desorption rate coeffi-
cients for species A.

In addition to Egs. (1.1) and (1.2), we need N momentum equations [12]
that are used to determine the N species velocities represented by v4,,
A=1,2,...,N. There are certain problems for which the N momentum
equations consist of the total, or mass average, momentum equation

a0
a(pyvy) + V- (oyvyvy) = pyby +V.T, (1.4)

along with N — 1 Stefan-Maxwell equations that take the form

E=N
0=—Vxa + 3 xAVxEVgiVE )41, N-1 15
E=1

E#£A
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6 Michel Quintard and Stephen Whitaker

The species velocity can be decomposed into an average velocity and a diffusion
velocity in more than one way [6, 7, 13], and arguments are often given
to justify a particular choice. In this work we prefer a decomposition in
terms of the mass average velocity because governing equations, such as the
Navier-Stokes equations, are available to determine this velocity. The mass
average velocity in Eq. (1.4) is defined by

A=N
v, = Z WAy VAy (1.6)
A=1
and the associated mass diffusion velocity is defined by the decomposition

VAy =Vy + usy (1.7)

The mass diffusive flux has the attractive characteristic that the sum of the
fluxes is zero, that is,

A=N
> payua, =0 (1.8)
A=1
As an alternative to Egs. (1.6) through (1.8), we can define a molar average
velocity by

A=N
v, = Z XAyVAy (1.9
A=1

and the associated molar diffusion velocity is given by
Vay = V), +uy, (1.10)

In this case, the molar diffusive flux also has the attractive characteristic
given by

A=N
> cayuy, =0 (1.11)
A=1

however, the use of the molar average velocity defined by Eq. (1.9) presents
problems when Eq. (1.4) must be used as one of the N momentum equations.

If we make use of the mass average velocity and the mass diffusion
velocity as indicated by Egs. (1.6) and (1.7), the molar flux in Eq. (1.1) takes

© 2005 by Taylor & Francis Group, LLC
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the form
CAyVAy = CAyVy +  capumy (1.12)
—— ~—— ~———
total molar molar convective mixed-mode
flux flux diffusive flux

Here we have decomposed the total molar flux into what we want, the molar
convective flux, and what remains, that is, a mixed-mode diffusive flux.
Following Eq. (1.7), we indicate the mixed-mode diffusive flux as

Jay = cayuay, A=1,2,...,N (1.13)
so that Eq. (1.1) takes the form

dcay
ot

+V-(cayvy) =~V -Jay +Ray, A=12,...,N (1.14)

The single drawback to this mixed-mode diffusive flux is that it does not
satisfy a simple relation such as that given by either Eq. (1.8) or Eq. (1.11).
Instead, we find that the mixed-mode diffusive fluxes are constrained by

A=N

> Jay(Ma/M) =0 (1.15)
A=1

in which My is the molecular mass of species A and M is the mean molecular
mass defined by

A=N
M= Y xa,Ma (1.16)
A=1

There are many problems for which we wish to know the concentration, c4,,
and the normal component of the molar flux of species A at a phase interface.
The normal component of the molar flux at an interface will be related to
the adsorption process and the heterogeneous reaction by means of the jump
condition given by Eq. (1.2) and relations of the type given by Eq. (1.3), and
this flux will be influenced by the convective, c4, v,, and diffusive, J 4,,, fluxes.

The governing equations for c4, and v, are available to us in terms of
Egs. (1.4) and (1.14), and here we consider the matter of determining Ja, .
To determine the mixed-mode diffusive flux, we return to the Stefan-Maxwell
equations and make use of Eq. (1.7) to obtain

E=N
XAy X —
0= —Vigy + 3 A ME W) N1 a1
= DAk
E£A
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This can be multiplied by the total molar concentration and rearranged in
the form

E=N
CEquy
0=—-—¢,Vxp, +x4 Z
Y y % D
] AE
E£A
E=N
XE
-1 =L teaua, A=12,... ,N-1 (1.18)
— DAE
E=1
E£A

JEy XEy
0=—c,Vxa, +xa — — —tJay, A=12,...,N-1
r ’ EX:% DAE EX:; Dag [
E#A E#A
(1.19)
Here we can use the classic definition of the mixture diffusivity
1 = x
=y (1.20)
Dam = PaE
E#A

in order to express Eq. (1.19) as

E=N
D
Jay —xay > g, = ¢, DamViay, A=12,.. ,N-1 (121
Pt DAE
E£A

When the mole fraction of species A is smaller than one, we obtain the dilute
solution representation for the diffusive flux

JA)/ = —CV:[)AmVXAy, .XAy < 1 (122)
and the transport equation for species A takes the form

dcAy
ot

+ V- (CA]/V)/) =V. (C)/ c(DAmV-XAy) + RAyr XAy <1 (1.23)

Given the condition, x4, < 1, it is often plausible to impose the condition

X4y Ve, K ¢, Vxa, (1.24)
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and this leads to the following convective-diffusion equation that is
ubiquitous in the reactor design literature:

ac
—8’:’/ + V- (cayvy) =V - (DamVeay) + Ray, x4y K1 (125

When the mole fraction of species A is not smaller than one, the diffusive
flux in this transport equation will not be correct. If the diffusive flux plays an
important role in the rate of heterogeneous reaction, Eq. (1.25) will not lead
to a correct representation for the rate of reaction.

1.3 Diffusive Flux
We begin our analysis of the diffusive flux with Eq. (1.21) in the form

E=N
D
Jay = —Cy DamVany +xay Y @—‘;‘"ZJEV, A=12,...,N-1 (1.26)
=
and make use of Eq. (1.15) in an alternate form
A=N
> Jay Ma/My) =0 (1.27)

A=1

to obtain N equations relating the N diffusive fluxes. At this point we define
a matrix [R] according to

B 1 _ XayDam  XayDam XAy DamT]

Das Dac Dan

_ Xy Dem 1 _ By ®Dem_ _ XByDbm

Dpa Dpc DpN
_YeyDem - xeyDem o _ Xy Dom

[R] = Dca Dcp Den

M M M

4 2B ZC + 1
L My Mn Mn i
(1.28)
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and use Egs. (1.26) and (1.27) to express the N diffusive fluxes according to

[R]

_JA)/
JB)/
JCy

Iy

DamVxay,
DV,
DemVacy

DN-1)mVXN-1)y
0

(1.29)

We assume that the inverse of [R] exists in order to express the column matrix
of diffusive flux vectors in the form

_JAV_
JBy
JCy

vy |

—cy [R]!

DamVxay
Dpm Vxpy
DcmVacy

DN-1)mVXN-1)y
0

(1.30)

in which the column matrix on the right-hand side of this result can be

expressed as
DamVxay,

DpmVxpy,
DcemVacy

0

DN-1ymVXN-1)y

The diffusivity matrix is now defined by

[D] = [R]!

_O{DAm

0
0

0
0

© 2005 by Taylor & Francis Group, LLC

D am 0 0 0
0 DBm 0 0
0 0 Dcm 0
0 0 0 DN-1ym
| 0 0 0 0
Vxay
Vxp,
Vxcy
X
VXN-1)y
0 0 0 0 7]
DBm 0 0 0
0 Dem 0 0
0 0 DN-1)m 0
0 0 0 GDNm_

(1.31)

(1.32)
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so that Eq. (1.30) takes the form

[Jay ] K Vxay ]
IBy Vxgy,
Jey Vxcy
- | = —¢,[D] : (1.33)
: Vxw-1y
LNy - 0 -

This result can be expressed in a form analogous to that given by Eq. (1.26)
leading to

E=N-1
Jay=—c, Y DagVxg, A=12,...,N (1.34)
E=1

In the general case, the elements of the diffusivity matrix, Dag, will depend
on the mole fractions in a nontrivial manner. When this result is used in
Eq. (1.14), we obtain the nonlinear, coupled governing differential equation
for ca, given by

E=N-1

+V.-(cayvy) =V- (Cy Z DAvaEy) +Ryy, A=12,...,N
E=1

acay
ot

(1.35)

We seek a solution to this equation subject to the jump condition given by
Eq. (1.2) and this requires knowledge of the concentration dependence of the
homogeneous and heterogeneous reaction rates and information concerning
the equilibrium adsorption isotherm. In general, a solution of Eq. (1.35) for
the system shown in Figure 1.1 requires upscaling from the point scale to the
pore scale and this can be done by the method of volume averaging [5].

1.4 Volume Averaging

To obtain the volume-averaged form of Eq. (1.35), we first associate an aver-
aging volume with every point in the y—« system illustrated in Figure 1.1.
One such averaging volume is illustrated in Figure 1.2, and it can be
represented in terms of the volumes of the individual phases according to

V=V, +V, (136)

The radius of the averaging volume is r, and the characteristic length scale
associated with the y-phase is indicated by ¢, in Figure 1.2. In Figure 1.2 we
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FIGURE 1.2
Averaging volume for a packed bed of nonporous catalyst.

have also illustrated a length L that is associated with the distance over which
significant changes in averaged quantities occur. Throughout this analysis we
will assume that the length scales are disparate, that is, the length scales are
constrained by

b, L 1o L L (1.37)

Elsewhere [5, chapter 1] it is shown that these constraints are overly severe;
however, they are quite sufficient for the purposes of this presentation.

We will use the averaging volume V to define two averages: the superficial
average and the intrinsic average. Each of these averages is routinely used
in the description of multiphase transport processes, and it is important to
clearly define each one. We define the superficial average of some function v,
according to

W) = = / v, dv (138)
v v,

and we define the intrinsic average by

1

() = v/, ¥, dV (1.39)
14 y

© 2005 by Taylor & Francis Group, LLC
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These two averages are related according to
(V) =&y (Yy)” (1.40)
in which ¢, is the volume fraction of the y-phase defined explicitly as
g, =V, /V (1.41)

In this notation for the volume averages, a Greek subscript is used to identify
the particular phase under consideration while a Greek superscript is used
to identify an intrinsic average. Since the intrinsic and superficial averages
differ by a factor of ¢,, it is essential to make use of a notation that clearly
distinguishes between the two averages.

When we form the volume average of any transport equation, we are imme-
diately confronted with the average of a gradient (or divergence), and it is
the gradient (or divergence) of the average that we are seeking. In order to
interchange integration and differentiation, we will make use of the spatial
averaging theorem [14-17]. For the two-phase system illustrated in Figure 1.2
this theorem can be expressed as

(V) = V() + = / n,cv, dA (142)
V Ja

YK

in which v, is any function associated with the y-phase. Here A, represents
the interfacial area contained within the averaging volume, and we have used
n,, to represent the unit normal vector pointing from the y-phase toward the
k-phase.

Even though Eq. (1.35) is considered to be the preferred form of the species
continuity equation, it is best to begin the averaging procedure with Eq. (1.1)
and we express the superficial average of that form as

a
< ;‘:y>+(V~(CAyVAy))= (Ray), A=12,...,N (1.43)

For a rigid porous medium, one can use the transport theorem and the
averaging theorem to express this result as

d(cay)

1
Py + V- {capvay) + ;/ ny, - (cayvay) dA = (Ray) (1.44)

YK

where it is understood that this applies to all N species. Since we seek a
transport equation for the intrinsic average concentration, we make use of
Eq. (1.40) to express Eq. (1.44) in the form

d{cay )
& o

1
+ V- {cayvay) + v A Ny, - (CAyVay) dA = &y (RAy)y (1.45)

YK

© 2005 by Taylor & Francis Group, LLC



14 Michel Quintard and Stephen Whitaker

At this point, it is convenient to make use of the jump condition given by
Eq. (1.2) in order to obtain

a{ca,)” 1 ac 1
&y (Cay) + V- (cayvay) =8V<RAV>y__/A As dA-I——L RysdA
143 YK

ot v ot v
(1.46)
We now define the intrinsic interfacial area average according to
1
<¢y>w< = A 1/fy dA (1.47)
vie J Ay

so that Eq. (1.46) takes the convenient form given by

d(cay)” d{Ccas)yx
&y v (cayvay) = & (RAy>y - av—y + av(Ras)y« (1.48)
accumulation transport homogeneous adsorption heterogeneous
reaction reaction

One must keep in mind that this is a general result based on Egs. (1.1) and
(1.2); however, only the first term in Eq. (1.48) is in a form that is ready for
application.

1.5 Chemical Reactions

To obtain a useful form for the homogeneous reaction rate, one needs a
chemical kinetic constitutive equation that can be expressed as

RAy = RAy (CAy/ CBy,--- /CNV) (1.49)

Even for nonlinear reaction rate mechanisms, the volume average of Eq. (1.49)
can usually be expressed as

(Ray)” = Ray ({cay)”, (cBy), .., (eny)") (1.50)

This approximation requires that the concentration gradients be small enough,
and what is meant by small enough has been explored by Wood and Whitaker
[18, 19] for the case of biological reaction rate mechanisms. When Eq. (1.50)
is valid, the treatment of homogeneous reactions in porous media becomes a
routine matter and is not considered further in this chapter. When Eq. (1.50) is
not valid the rate of homogeneous reaction will depend on V{ca, )", V(cp,)?,
etc., in addition to (cay)”, (cB,)?, etc.

© 2005 by Taylor & Francis Group, LLC
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The chemical kinetic constitutive equation for the heterogeneous rate of
reaction can be expressed as

Ras = Ras(cas, CBs, - - -, CNs) (1.51)

and here we see the need to relate the surface concentrations, cgs,
CBs, - - - ,CNs, to the bulk concentrations, cay, cgy,...,cNy, and subsequently
to the local volume-averaged concentrations, (ca,)?, (cBy)?,...,{cny)?. For
heterogeneous reaction to occur, adsorption at the catalytic surface must
also occur. However, there are many transient processes of mass transfer
with heterogeneous reaction for which the catalytic surface can be treated as
quasi-steady [20, 21]. When homogeneous reactions can be ignored and the
catalytic surface can be treated as quasi-steady, the local volume-averaged
transport equation simplifies to

d(cay)”
4 L4V (cayvay) = ay(Ras)y« (1.52)
ot
[ S— ————
accumulation transport heterogeneous
reaction

and this result provides the basis for several special forms.

1.6 Convective and Diffusive Transport

Before examining the heterogeneous reaction rate in Eq. (1.52), we consider
the transport term, (c4, va, ). We begin with the mixed-mode decomposition
given by Eq. (1.12) in order to obtain

(cayvay) = {cayvy) + {cayuay) (1.53)
——— ——— ———

total molar molar convective  mixed-mode
flux flux diffusive flux

Here the convective flux is given in terms of the average of a product, and we
want to express this flux in terms of the product of averages. As in the case of
turbulent transport, this suggests the use of decompositions given by

cay = {cay)’ +Cay, vy =(v)V +7, (1.54)

At this point one can follow a detailed analysis [5, chapter 3] of the convective
transport to arrive at

(cayvay) = &y (CAy)y(Vy> + (EAy‘?y) + <JAy) (1.55)
——— —’ —— ———— —— ——
total flux average convective  dispersive = mixed-mode
flux flux diffusive flux
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Here we have used the intrinsic average concentration since this is most
closely related to the concentration in the fluid phase, and we have used the
superficial average velocity since this is the quantity that normally appears in
Darcy’s law [5] or the Forchheimer equation [22]. Use of Eq. (1.55) in Eq. (1.52)
leads to

deay)” g Y(vy)) =—V V- Eay ¥ R
&y 9t + Vo (gpcay)’(vy) = =V -(Jay) = V- (CayVy) + ayv(Ras)yi
———— —— ——
diffusive dispersive heterogeneous
transport transport reaction
(1.56)

If we treat the catalytic surface as quasi-steady and make use of a simple
first-order, irreversible representation for the heterogeneous reaction, one can
show that R, is given by [5, section 1.1]

kaskai

Ras = —kascas = — (m
s _

) cay, atthe y—« interface (1.57)

when species A is consumed at the catalytic surface. Here we have used ks to
represent the intrinsic surface reaction rate coefficient, while k41 and k_41 are the
adsorption and desorption rate coefficients that appear in Eq. (1.3b). Other
more complex reaction mechanisms can be proposed; however, if a linear
interfacial flux constitutive equation is valid, the heterogeneous reaction rates
can be expressed in terms of the bulk concentration as indicated by Eq. (1.57).
Under these circumstances the functional dependence indicated in Eq. (1.51)
can be simplified to

Ras = Ras(cay,CBy,...,CNy), atthe y—« interface (1.58)

Given the type of constraints developed elsewhere [18, 19], the interfacial area
average of the heterogeneous rate of reaction can be expressed as

(Ras)yx = (Ras)yw({cay )i, (CBy dyis - - {CNy ) yi)s at the y—« interface
(1.59)

Sometimes confusion exists concerning the idea of an area averaged bulk
concentration, and to clarify this idea we consider the averaging volume illus-
trated in Figure 1.3. There we have shown an averaging volume with the
centroid located (arbitrarily) in the x-phase. In this case, the area average of
the bulk concentration is given explicitly by

1

= — CA dA (1.60)
AyK (x) Ay (x) v ’ery

<CAy)y/c ’x
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N

FIGURE 1.3
Position vectors associated with the area average over the y—« interface.

in which x locates the centroid of the averaging volume and y locates points
on the y—« interface. We have used A, (x) to represent the area of the y—«
interface contained within the averaging volume.

To complete our analysis of Eq. (1.59), we need to know how the
area-averaged concentration, (cay,),«, is related to the volume-averaged
concentration, {ca,)”. Here we consider two special cases; one in which con-
vective transport dominates the system illustrated in Figure 1.1 and one in
which diffusive transport dominates the system. The former case is asso-
ciated with the analysis of a chemical reactor (see Figure 1.2) containing a
nonporous catalyst, while the latter case is associated with analysis of diffu-
sion and reaction in a porous catalyst. When the convective transport is large
enough so that the area-averaged and volume-averaged concentrations are
constrained by

(cay)” — (cay)ye <K (cay)” (1.61)
and small causes give rise to small effects [23], we can express Eq. (1.56) as

d{cay)’

ot + V. (€V<CAV>V<V)’)) =-V. <JA)/) -V. <EA)/‘~7)/)

Ey

+ av{Ras)y« ((CAV)V/ (CB)/>V/ sy (CNy)y)
(1.62)

When convective effects in an isothermal reactor are sufficiently large, both
axial dispersion and axial diffusion can be neglected according to

ey (cay) (vy) > (CayVy) > (Jay) (1.63)
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This leads to the special form of Eq. (1.62) given by

d{cay)”
KO

:aV(RAs>yK ((CAy>y/ <CBy)y/~--/<CNy>V)/ A=1,2,...,N (1.64)

+ V- (gy(cay)” (vy))

and the coupled set of volume-averaged transport equations can be solved
directly to determine the rate of heterogeneous reaction. A complete analysis
of this problem requires that constraints associated with the inequalities given
by Eq. (1.63) be developed [24]. In addition, a complete analysis of Eq. (1.56)
requires a detailed analysis of the dispersive flux, and that problem is left for
a subsequent study.

When convective transport can be neglected, the inequalities given by
Eq. (1.63) are reversed and we have

(EAyVy) L &y (CAy)y (vy) K (]Ay> (1.65)

The classic approach in this case is to assume that the inequality given by
Eq. (1.61) is also satisfied and this leads to a transport equation that takes
the form

d(cay)” v y y
o =V - Jay) + avRashye ((cay)?, (cBy), ..., (eny)Y),
A=1,2,...,N (1.66)
FIGURE 1.4

Diffusion and reaction in a porous catalyst.
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Once again, the constraints associated with Egs. (1.61) and (1.66) should be
developed, and some of these are given elsewhere [12]. Equation (1.66) forms
the basis for the classic problem of diffusion and reaction in a porous catalyst
such as we have illustrated in Figure 1.4. At this point we have not clearly
identified how one goes from Eq. (1.51) to Eq. (1.59) for the nondilute solution
described by Egs. (1.1) and (1.2). That analysis will surely require a detailed
treatment of the diffusive flux, and in the remainder of this chapter we direct
our attention to the treatment of the process of diffusion and reaction in a
porous catalyst for which Eq. (1.66) is applicable.

1.7 Nondilute Diffusion
We begin this part of our study with the use of Eq. (1.34) in Eq. (1.66) to obtain

dicay)” )
8),8—: =V. <CV EZ; DAEVxEy>
+aV(RAS>]/K ((CA]/>y/ <CB}/>y/ R4 (CN}/>)/) 7 A = 1/2/ s /N
(1.67)

in which the diffusive flux is nonlinear because Dar depends on the N — 1
mole fractions. This transport equation must be solved subject to the auxiliary
conditions given by

E=N

E=N
cy = Z CAy, 1= Z XAy (1.68)
E=1 E=1

and this suggests that numerical methods must be used. However, the dif-
fusive flux must be arranged in terms of volume-averaged quantities before
Eq. (1.67) can be solved, and any reasonable simplifications that can be made
should be imposed on the analysis.

1.7.1 Constant Total Molar Concentration

Some nondilute solutions can be treated as having a constant total molar
concentration and this simplification allows us to express Eq. (1.67) as

Dcn) E=N-1
&y ot =V. EX_; DagVceg,

+ aV<RAS))/K ((CA]/>V/ (CB)/>V/' s (CNy)y) ’ A = 1/2/' . '/N
(1.69)
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The restriction associated with this simplification is given by
xay Ve, € ¢, Vxa,, A=12,...,N (1.70)

and it is important to understand that the mathematical consequence of this
restriction is given by

¢y, = (¢y)” = constant (1.71)

Imposition of this condition means that there are only N — 1 independent
transport equations of the form given by Eq. (1.69), and we shall impose this
condition throughout the remainder of this chapter.

At this point we decompose the elements of the diffusion matrix accord-
ing to

Dag = (Dag)” + Dag (1.72)

If, for any particular system, we can neglect Dag relative to (DAg)?, the
transport equation given by Eq. (1.69) can be simplified to

dieay) o RN
&y =V D (Dap)(Very )+ av(Rashye (cay), (cny), . eav-1y)),
E=1
A=12,...,N—-1 (1.73)

When the simplification given by

Dar < (Dag)? (1.74)

is not satisfactory, it may be possible to develop a correction based on the reten-
tion of the spatial deviation, f)AE ; however, it is not clear how this type of
analysis would evolve and further study of this aspect of the diffusion process
is in order.

1.7.2  Volume Average of the Diffusive Flux

The volume averaging theorem can be used with the average of the gradient
in Eq. (1.73) in order to obtain

1
(VCEy> = V(CEy) + 3'/\ Ny CEy dA (1.75)
A

YK
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and one can follow an established analysis [5, chapter 1] in order to express
this result as

1 -
(Vegy) = syV(CEy)V + 5/1; n,Cg, dA (1.76)
yK

Use of this result in Eq. (1.73) provides

E=N-1
e M=V~ Z (Dag)Y Vicg,))’ + = ! f n,,Cg, dA
Y ot ~ Y &Y YK=Ly

YK

filter
+ ay (RAS>VK (177)

in which the area integral of n,.Cg, has been identified as a filter. Not all the
information available at the length scale associated with ¢g,, will pass through
this filter to influence the transport equation for {ca,)”, and the existence of
filters of this type is a recurring theme in the method of volume averaging [5].

1.8 Closure

In order to obtain a closed form of Eq. (1.77), we need a representation for the
spatial deviation concentration, ¢4,, and this requires the development of the
closure problem. When convective transport is negligible and homogeneous
reactions are ignored as being a trivial part of the analysis, Eq. (1.14) takes
the form

acay
ot

=-V-Ja, A=12,...,,N-1 (1.78)

Here one must remember that the total molar concentration is a specified
constant, thus there are only N — 1 independent species continuity equations.
Use of Eq. (1.34) along with the restriction given by Eq. (1.70) allows us to
express this result as

E=N-1
=V. Z DapVeg,, A=12,...,N-1 (1.79)
E=1

dcay
ot

and on the basis of Egs. (1.72) and (1.74) this takes the form

E=N-1
=V > (Dap)’Veg,, A=12,...,N-1 (1.80)
E=1

dcay
ot
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If we ignore variations in ¢, and subtract Eq. (1.77) from Eq. (1.80), we can
arrange the result as

E=N-1
Dap)Y 1 N a
—v-[ {Dap) —/ nchE,,dA}——V(RAS)VK (1.81)
VJa,. &y

in which it is understood that this result applies to all N — 1 species.
Equation (1.81) represents the governing differential equation for the spatial
deviation concentration, and in order to keep the analysis relatively simple
we consider only the first order, irreversible reaction described by Eq. (1.57)
and expressed here in the form

Rps = —kaca,, atthe y—« interface (1.82)

Here one must remember that k4 is determined by the intrinsic surface reac-
tion rate coefficient, the adsorption rate coefficient, and the desorption rate
coefficient according to

kaskar
kg = ——— (1.83)
A7 Tas + ket

One must also remember that this is a severe restriction in terms of realistic
systems and more general forms for the heterogeneous rate of reaction need
to be examined. Use of Eq. (1.82) in Eq. (1.81) leads to the following form

E=N-1
Dag)?’ 1 k
Y [ (Dae) —/ n,ir, dA} + DA ) (188)
€ 1% 3
E=1 4 ve v
Here we have made use of the simplification
(CAy>yK = <CAy>y (1.85)

and the justification is given elsewhere [5, section 1.3.3]. In order to complete
the problem statement for cg,, we need a boundary condition for cg, at the
y—« interface. To develop this boundary condition, we again make use of
the quasi-steady form of Eq. (1.2) to obtain

Jay -ny = =Ry,  at the y—« interface (1.86)
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where we have imposed the restriction given by
V, -Ny, K Ugy -Ny,, at the y—« interface (1.87)

This is certainly consistent with the inequalities given by Eq. (1.65); however,
the neglect of v, - n,, relative to ua, - n,, is generally based on the dilute
solution condition and the validity of Eq. (1.87) is another matter that needs
to be carefully considered in a future study. On the basis of Egs. (1.34), (1.70),
(1.72), and Eq. (1.74) along with Eq. (1.82), the jump condition takes the form

E=N-1
Z n,, - (Dag)’Vcg, =kacay, atthe y—« interface (1.88)
E=1

In order to express this boundary condition in terms of the spatial devi-
ation concentration, we make use of the decomposition given by the first
of Eq. (1.54) to obtain

E=N-1
— Z Ny, - (Dag)” VCg, —kacCa,
E=1
E=N-1
Z n, - (Dap)’ Vicey)” +kalca,)”, atthe y—« interface (1.89)
E=1

With this result we can construct the following boundary value problem
for Cay:

984 E=N-1
4 - 14
of |: Z (DAE) VCEy:|
—— E=1
accumulation
diffusion
E=N-1
DAE 71 ~ aVkA
-V |: Z / n,Cp, dA | + (cay)? (1.90)
E=1 Ay &y
[ —
nonlocal diffusion reaction

source
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E=N-1
- Z Ny, - (Dap)’VCg, —  kacay
E=1 —

heterogeneous
diffusive flux reaction

BC.1

E=N-1

= Z n,, - (Dap)’V{cey)” +kalca,)”, atthe y—« interface

reaction

source (1.91)

diffusive source

BC.2 Gay = F(r,b), atAye (1.92)

IC. Cay =F(@), att=0 (1.93)

In addition to the flux boundary condition given by Eq. (1.91), we have added
an unknown condition at the macroscopic boundary of the y-phase, 4., and an
unknown initial condition. Neither of these is important when the separation
of length scales indicated by Eq. (1.37) is valid. Under these circumstances,
the boundary condition imposed at 4, influences the ¢4, -field only over
a negligibly small region, and the initial condition given by Eq. (1.93) can
be discarded because the closure problem is quasi-steady. Under these cir-
cumstances, the closure problem can be solved in some representative, local
region [25-29].

In the governing differential equation for ¢4, , we have identified the accu-
mulation term, the diffusion term, the so-called nonlocal diffusion term,
and the nonhomogeneous term referred to as the reaction source. In the
boundary condition imposed at the y—« interface, we have identified the
diffusive flux, the reaction term, and two nonhomogeneous terms that are
referred to as the diffusion source and the reaction source. If the source terms
in Egs. (1.90) and (1.91) were zero, the ¢4, -field would be generated only
by the nonhomogeneous terms that might appear in the boundary condition
imposed at #4,. or in the initial condition given by Eq. (1.93). One can easily
develop arguments indicating that the closure problem for ¢ 4,, is quasi-steady,
thus the initial condition is of no importance [5, chapter 1]. In addition, one
can develop arguments indicating that the boundary condition imposed at
Aye Will influence the ¢4, -field over a negligibly small portion of the field
of interest. Because of this, any useful solution to the closure problem must
be developed for some representative region that is most often conveniently
described in terms of a unit cell in a spatially periodic system. These ideas
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lead to a closure problem of the form

E=N-1 E=N-1 (D)
E=1

E=1 vK
diffusion nonlocal diffusion
a kA
+ —eay)” (1.94)
€y
—_——
reaction
source
E=N-1
— > nye(Dap)’Vép, —  kafay
E=1
heterogeneous
diffusive flux reaction
BC.1
E=N-1
= n, - (Dag)’ V{cey)” +ka(ca,)”, atthe y—« interface (1.95)
E=1
reaction
diffusive source source
BC.2 Cay(x+£;) =cCay(x), i=123 (1.96)

Here we have used ¢; to represent the three base vectors needed to characterize
a spatially periodic system. The use of a spatially periodic system does not
limit this analysis to simple systems since a periodic system can be an arbitrary
complex [25-29]. However, the periodicity condition imposed by Eq. (1.96)
can only be strictly justified when (D4g)”, (cay)”, and V(ca,)? are constants
and this does not occur for the types of systems under consideration. This
matter has been examined elsewhere [5, 12] and the analysis suggests that
the traditional separation of length scales allows one to treat (Dag)?, (cay)”,
and V{ca, )" as constants within the framework of the closure problem.

It is not obvious, but other studies [30] have shown that the reaction source
in Egs. (1.94) and (1.95) makes a negligible contribution to ¢4, . In addition,
one can demonstrate [5] that the heterogeneous reaction, k4 ¢a,, can be neg-
lected for all practical problems of diffusion and reaction in porous catalysts.
Furthermore, the nonlocal diffusion term is negligible for traditional systems,
and under these circumstances the boundary value problem for the spatial
deviation concentration takes the form

E=N-1
0=V. |: (DAE)yVEEy] (1.97)
E=1
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E=N-1 E=N-1
BC.1 Z n, - (Dag)? Vig, = Z n,. - (Dap)’ Vicg,)”, atAy,
E=1 E=1
(1.98)
BC.2 Eay (X +€) =Cay(®), i=1,2,3 (1.99)

Here one must remember that the subscript A represents species A, B, C, ...,
N -1

In this boundary value problem, there is only a single nonhomogeneous
term represented by V(cg,)? in the boundary condition imposed at the y—«
interface. If this source term were zero, the solution to this boundary value
problem would be given by ¢4, = constant. Any constant associated with ¢,
will not pass through the filter in Eq. (1.77), and this suggests that a solution
can be expressed as a function of the gradients of the volume-averaged con-
centration. Since the system is linear in the N — 1 independent gradients of
the average concentration, this leads to a solution of the form

CEy = bea - Vicay)” +bep - Vicpy)” +bec - Vice)) +---
+beN-1- Vien-1))" (1.100)

If the gradients, V{(cg, )", and the diffusivities, (Dag)?, in Eq. (1.100) were con-
stants, this representation for ¢g,, would be an exact application of the method
of superposition [5, problems 1.20 and 2.4; 31]. Since these quantities undergo
significant changes over the large length scale, L, illustrated in Figure 1.2, the
representation given by Eq. (1.100) is an approximation based on the separ-
ation of length scales indicated in Eq. (1.37). The vectors, bga, bgp, etc., in
Eq. (1.100) are referred to as the closure variables or the mapping variables since
they map the gradients of the volume-averaged concentrations onto the spa-
tial deviation concentrations. In this representation for cg,, we can ignore the
spatial variations of V(ca,)”, V(cp,)?, etc., within the framework of a local
closure problem, and we can use Eq. (1.100) in Eq. (1.97) to obtain

E=N-1 D=N-1
0=V-. |: (DAg)Y Vbep - V(CDV)V:| (1.101)
E=1 D=1
E=N-1 D=N-1
BC.1 - Z ny,. - (Dag)” Z Vbep - Vicpy)”
E=1 D=1

E=N-1

= n,, - (DAE)VV(CE),)V, at A, (1.102)

E=1

BC2  bap(r+6)=ba(), i=123 A=12,...,N—1 (1.103)
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The derivation of Egs. (1.101) and (1.102) requires the use of simplifications
of the form

V (bea - Vicay)”) = Vbga - Vicay)? (1.104)
which result from the inequality
bea - VV(CAV>V <« Vbga - V(CA),)V (1.105)

The basis for this inequality is the separation of length scales indicated
by Eq. (1.37), and a detailed discussion is available elsewhere [5]. One
should keep in mind that the boundary value problem given by Egs. (1.101)
through (1.103) applies to all N — 1 species and that the N — 1 concentration
gradients are independent. This latter condition allows us to obtain

E=N-1
o:v.[ > <DAE>VVbED] D=12,...,N—1 (1.106)
E=1
BC.1
E=N-1
- Z ny,. - (Dag)’Vbep =ny, (Dap)’, D=1,2,...,N—1, atAy
E=1
(1.107)

Periodicity: bap(r + £) =bap(r), i=1,2,3, D=1,2,...,N—1 (1.108)

At this point it is convenient to expand the closure problem for species A in
order to obtain

First Problem for Species A

0=V -{(Dan)” [Vbaa+ ((Daa)?) ™" (Das)? Vbpa+ ((Dan)’)”"
x(Dac)’Vbca +--- + ((DAA>V)_1 (DA,N—l>beN—1,A]]

(1.109a)

— 1Ny - Vbas —ny, - ((DAA>V)_1 (DaB)” Vbpa —nyc - ((DAA)V)_1

1

BC. x (Dac)’ Vbca — -+ —nyc - ((Daa)’)~
X <DA,N71)beN71,A = Ny, at AyK (1.109b)
Periodicity: bpa(r+¢;)) =bpa(x), i=1,23, D=12,..., N—-1

(1.109¢)
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Second Problem for Species A

0=V {(Da)” [((DaB)?) ™" (Da) Vbag + b+ ((Dap)”)”"

x (Dac)’Vbep + -+ + ((DAB)”Y1 (DA,N—l)beN—l,B]}
(1.110a)

— DNy - Vbaa — Ny - ((DAA>V)_1 (Dap)” Vbpa — Ny - ((DAA>V)_1

BC. X (Dac)’Vbca — - — 1y - ((DAA)”)_1
X <DA,N71)beN71,A =Ny, at AyK
(1.110b)

Periodicity: ~ bpp(r +£) =bpp(xr), i=1,23, D=1,2,...,N—1

(1.110c)
Third Problem for Species A
An analogous boundary value problem involving
bac,bsc, bec, ..., bn-1,c (1.111)
N—1 Problem for Species A
An analogous boundary value problem involving
ban-1,beN-1,bcN-1,..., bN_1,N-1 (1.112)

Here it is convenient to define a new set of closure variables or mapping variables
according to

daa =baa+ (D))~ (Dap)bpa + ((Daa)’) ™" (Dac)’bca

+ 4 ((Daa)’) " (Dan-1)"by-14 (1.113a)
dap = ((Dap)”) " (Daa)’bap + bps + ((Dap)”’) " (Dac)bes
++ ({Dap)”) " {Dan-1)"bn15 (1.113b)
dac = ((DAC)”)_l (Daa)’bac + ((13A<:)y)_l (DaB)” bac
+bcc+ -+ ((DAC)”)_l (DaNn-1)"bN_1,C (1.113¢)
etc. (1.113n — 1)
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With these definitions, the closure problems take the following simplified
forms:

First Problem for Species A

0=V2daa (1.114a)
BC. —ny-Vdaa=n,,, atA,. (1.114b)
Periodicity: daa(r+¢;) =dga(x), i=1,2,3 (1.114¢)
Second Problem for Species A
0= V3dap (1.115a)
BC. —ny-Vdag=mn,,, atA, (1.115b)
Periodicity: dap(r 4+ ¢;)) =dyp(®), i=1,2,3 (1.115¢)
Third Problem for Species A
An analogous boundary value problem for dac (1.116)
N — 1 Problem for Species A
An analogous boundary value problem for d4 n_1 (1.117)

To obtain these simplified forms, one must make repeated use of inequalities
of the form given by Eq. (1.105). Each one of these closure problems is identical
to that obtained by Ryan et al. [30] and solutions have been developed by
several researchers [30, 32-37]. In each case, the closure problem determines
the closure variable to within an arbitrary constant, and this constant can be
specified by imposing the condition

=12,...,N-1
(epy)” =0, or (dep)” =0, g_ 1o N1 (1.118)

However, any constant associated with a closure variable will not pass
through the filter in Eq. (1.77), thus this constraint on the average is not
necessary.

1.8.1 Closed Form

The closed form of Eq. (1.77) can be obtained by use of the representation for
Cry given by Eq. (1.100), along with the definitions represented by Egs. (1.113).
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After some algebraic manipulation, one obtains

Y 1
&y o =V . |:8y (Daa)Y <| + V},/A n],,(dAA dA) . V(CAy>y
yK

1
+¢,(Dag)” (l + 7/ ny,dap dA) - V{cgy)”
A

14 yK

1
+&,(Dac)” (' + */ ny,.dac dA) -Vi{ccy) + -
VV AyK

1
o4&y Dan-1) <l+ -~/
VV Ay

+avkalcay)” (1.119)

ny,dan—1 dA) - Vien-1y >y]

Here one must remember that we have restricted the analysis to the simple,
linear reaction rate expression given by Eq. (1.82), and one normally must
work with more complex representations for R 4s.

On the basis of the closure problems given by Egs. (1.114) through (1.117),
we conclude that there is a single tensor that describes the tortuosity for
species A. This means that Eq. (1.119) can be expressed as

d{cay)’

APy

=V-[e, D5 Viea,)? +e,DE - Vies, ) + &, DS - Vice,)”
+oo e, DS v<c(N,1>y>V] +agkalca,)?  (1.120)

in which the effective diffusivity tensors are related according to

f
Dfe“fff“ — Dfe“fg - Dfe“fé - .= % (1.121)
(Daa)Y  (DaB)Y  (Dac)Y (DaN-1)Y

The remaining diffusion equations for species B, C, ..., N — 1 have precisely
the same form as Eq. (1.120), and the various effective diffusivity tensors
are related to each other in the manner indicated by Eq. (1.121). The generic
closure problem can be expressed as:

Generic Closure Problem

0=V (1.122a)
BC. —n,-Vd=n,,, atA, (1.122b)
Periodicity: dx+¢)=d@x), i=1,2,3 (1.122¢)

and the solution for this boundary value problem is relatively straight-
forward. The existence of a single, generic closure problem that allows for
the determination of all the effective diffusivity tensors represents the main
finding of this work. On the basis of this single closure problem, the tortuosity
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tensor is defined according to
1
=1+ —/ n,,ddA (1.123)
Vy Jay.

and we can express Eq. (1.121) in the form
DSl = 7(Dan)?, DY = t(Dap)”,..., DY _| =2(Dan-1)’  (1.124)

Substitution of these results into Eq. (1.120) allows us to represent the local
volume-averaged diffusion-reaction equations as

3ca,)” E=N-1
ey ==V &y T(Dag)” - Vicey)” | +avkalcay)”,
E=1
A=12,...,N-1 (1.125)

It is important to remember that this analysis has been simplified on the basis
of Eq. (1.70), which is equivalent to treating c, as a constant as indicated in
Eq. (1.71). For a porous medium that is isotropic in the volume-averaged sense,
the tortuosity tensor takes the classical form

T = lr_l (1.126)

in which lis the unit tensor and  is the tortuosity. For isotropic porous media,
we can express Eq. (1.125) as

dcay)” ~ y y y
o= — =V l;@y/r)wm Vice,) | +avkalcay)?,

A=12,...,N—-1 (1.127)

Often ¢, and 7 can be treated as constants; however, the diffusion coefficients
in this transport equation will be functions of the local volume-averaged mole
fractions and we are faced with a coupled, nonlinear diffusion and reaction
problem.

The decoupling of the different closure problems is reminiscent of the clas-
sical results of the linearized theory proposed by Toor [38] or Stewart and
Prober [39]. In that theory, variations of the coefficients in the diffusion matrix
are assumed to be negligible. As a consequence, a special change of vari-
able leads to a diagonal diffusion matrix and a set of uncoupled balance
equations. Solving those equations directly for a spatially periodic porous
medium would show that the pore scale geometry has the same influence
on the resulting concentration fields, that is, the tortuosity effects are the same
for all constituents. The question of the diagonalization of general diffusion
matrices has been discussed in detail by Giovangigli [40]. If nonlinearities are
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retained in the original formulation of the diffusion problem, the simplifica-
tions described by Giovangigli [40] are, in general, not available. However, we
have achieved a similar simplification in the closure problem for the process of
diffusion and reaction, and in the following paragraphs we wish to illustrate
this idea in a more compact form than that given by Egs. (1.97) through (1.125).

We begin a compact presentation of the theory with Egs. (1.97)
through (1.99) written in the form

0=V -{(D)"1[VE, 1} (1.128a)
BC.1  —ny-[(D)Y1IVE, ] =ny, - [(D)Y1[V(c,)"], atA,. (1.128b)
Periodicity: (6, 1x+¢) =[c,](x), i=1,23 (1.128¢)

The nomenclature used in this formulation of the closure problem is given by

(Daa)”  (Dag)¥ (Dac)” --- (Dan-1))Y
(Da)” : aE (Dpn—1))”

(Dy]=| (Dca)” o {Dew-n) | (1.129a)
L (Din-1ya)” (Din-pyN-1))
B VEA), Vicay)’
v?By V(CBy>y

ve,1=| Véor |, [Vie1=| Vi) (1.129b)
| VEeN-1)y Vicn-1y)”

Here one must be careful to note that ¢, does not represent the spatial devi-
ation concentration for the total molar concentration and that (c, )? does not
represent the volume average of the total molar concentration. Within the
framework of the closure problem, the elements of [(D)" ] are treated as con-
stants, thus the change of variable leading to a diagonal diffusion matrix may
be used. We denote the modal matrix by [P] so that the diagonal version of
[(D)”]1is given by

[{D)" ldiag = [P1'[(D)”1[P] (1.130)

In addition, we introduce a new concentration deviation and a new average
concentration defined by

[C,1=[PI'[&,], [(C))"1=IP1 '[{c,)"] (1.131)

so that the closure problem can be expressed as

0= {UD)" laiagl VC, 1} (1.132a)
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BC1 - Ny - {[(D)y]diag[vcy]} =Ny - {[<D>y]diag[v<cy>y]} , at Ay/c
(1.132b)

Periodicity: [C, 1+ ¢) = [C)1(x), i=1,2,3 (1.132¢)

In this form of the closure problem we see that concentration deviations can
be expressed as

[C,1=d-[V(C,)"] (1.133)

in which d is the generic closure variable determined by Eq. (1.122). We can
now revert to the original concentration variable to obtain

[E,1=d- V()] (1.134)

and this indicates that all the gradients, V(ca, )", V(cp,)?, etc., are mapped
onto the spatial deviation concentrations, c4,, Cg,, etc., in exactly the same
manner. From this we conclude that the general expression for the effective
diffusivity tensors is intimately related to the possibility of neglecting vari-
ations of the diffusion coefficients, (Dag)?, etc., at the closure level. When the
length scale constraints given by Eq. (1.37) are satisfied, volume-averaged
quantities such as (Dp)” can be considered as constants over a unit cell
[5, section 1.3] and the general result given by Eq. (1.134) is valid.

1.9 Conclusions

In this chapter we have shown how the coupled, nonlinear diffusion problem
can be analyzed to produce volume-averaged transport equations contain-
ing effective diffusivity tensors. The original diffusion-reaction problem is
described by

E=N-1
d
A —V. Y DagVer,, A=12,...,N-1 (1.135a)
at
E=1
E=N-1
BC. — Z ny. - DApVce, = kaca,, at the y—« interface (1.135b)
E=1
¢y = {(¢y)” = constant (1.135¢)

in which the D4 are functions of the mole fractions. For a porous medium
that is isotropic in the volume-averaged sense, the upscaled version of the
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diffusion-reaction problem takes the form

N—-1

E
0 Y
eymzv{

of (3y/f)<DAE>yV<CEy>yj|

E=1
+avkalcay)’, A=12,...,N—1 (1.136)

Here we have used the approximation that Dag can be replaced by (Dag)”
and that variations of (DAg)? can be ignored within the averaging volume.
The fact that only a single tortuosity needs to be determined by Egs. (1.122)
and (1.123) represents the key contribution of this study. It is important to
remember that this development is constrained by Eq. (1.61) along with the
linear chemical kinetic constitutive equation given by Eq. (1.82). The process
of diffusion in porous catalysts is normally associated with slow reactions
and Eq. (1.61) is satisfactory; however, the first order, irreversible reaction
represented by Eq. (1.82) is the exception rather than the rule, and this aspect
of the analysis requires further investigation. When convective transport is
important, we are normally dealing with fast reactions and Eq. (1.61) may not
be a satisfactory simplification. An analysis of that case is reserved for a future
study, which will also include a careful examination of the simplification
indicated by Eq. (1.87).

L]

Nomenclature

Aye area of entrances and exits of the y-phase contained in the
macroscopic region, m?

Ay area of the y-« interface contained within the averaging
volume, m?

ay Ay /V, area per unit volume, m!

b, body force vector, m/sec?

CAy bulk concentration of species A in the y-phase, mol/m?

(cay) superficial average bulk concentration of species A in the y-phase,
mol/m3

(cay)?  intrinsic average bulk concentration of species A in the y-phase,
mol/m3

(cAy)y« intrinsic area average bulk concentration of species A at the y—«
interface, mol/m?

Cay cay —{cay)Y, spatial deviation concentration of species A, mol/ m3
cy yazNe Ay, total molar concentration, mol/m3
CAs surface concentration of species A associated with the y—« inter-
face, mol/m?
Dap binary diffusion coefficient for species A and B, m?/sec
Dam :DX; = IIS;II[ XEy / Dag, mixture diffusivity, m?/sec
E#£A
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(D]
Dag
(Dag)Y

Dk

JAy
Ka
ka1
k_a1

kAs
ka
4y

diffusivity matrix, m?/sec

element of the diffusivity matrix, m?/sec

intrinsic average element of the diffusivity matrix, m?/sec

Dag — (Dag)Y, spatial deviation of an element of the diffusivity
matrix, m?/sec

CAyuay, mixed-mode diffusive flux, mol/ mZsec

adsorption equilibrium coefficient for species A, m

adsorption rate coefficient for species A, m/sec

desorption rate coefficient for species A, sec™!

intrinsic surface reaction rate coefficient, sec™!

kaska1/(kas+k_a1), pseudo surface reaction rate coefficient, m/sec

small length scale associated with the y-phase, m

radius of the averaging volume, m

large length scale associated with the porous medium, m

molecular mass of species A, kg/kg mol

Zﬁj\] XAy Ma, mean molecular mass, kg/kg mol

unit normal vector directed from the y-phase to the x-phase

position vector, m

rate of homogeneous reaction in the y-phase, mol/m?3sec

rate of heterogeneous reaction associated with the y—« interface,
mol/m?sec

area average heterogeneous reaction rate for species A, mol/m?sec

time, sec

stress tensor for the y-phase, N/m?

V4, — V,, mass diffusion velocity, m/sec

vy — vy, molar diffusion velocity, m/sec

velocity of species A in the y-phase, m/sec

ngj] WAy VAy, mass average velocity in the y-phase, m/sec

Zﬁzll\] XAy Vay, molar average velocity in the y-phase, m/sec

intrinsic mass average velocity in the y-phase, m/sec

superficial mass average velocity in the y-phase, m/sec

v, — (v,)?, spatial deviation velocity, m/sec

averaging volume, m3

volume of the y-phase contained within the averaging volume, m?

volume of the k-phase contained within the averaging volume, m?

cay /cy, mole fraction of species A in the y-phase

position vector locating the center of the averaging volume, m

position vector locating points on the y—« interface relative to the
center of the averaging volume, m

Greek Letters

&y
PAy
Py
way

volume fraction of the y-phase (porosity)

mass density of species A in the y-phase, kg/m?
mass density for the y-phase, kg/m3

pAy /Py, mass fraction of species A in the y-phase
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Summary

Flows and heat transfer through porous media had been the subject of
investigations for centuries, because of their wide applications in mecha-
nical, chemical, and civil engineering. A review of existing literatures shows
that the current practices on describing the flow and the heat transfer in porous
media remain piecewise. In this chapter, we attempt to formulate a com-
plete set of macroscopic equations to describe these transport phenomena.
The macroscopic transport equations were obtained by averaging the micro-
scopic equations over a representative elementary volume (REV). The average
procedure leads to the closure problem where the dispersion, the interfacial
tortuosity, and the interfacial transfer become the new unknowns. The closure
relations as constructed earlier by the author and others for the dispersion, tor-
tuosity, and the interfacial transfer were summarized, reviewed, and adapted
to close the equation system. However, several coefficients which appeared
in the closure relations need to be determined experimentally (or numeric-
ally) a priori. Experiments conducted earlier for the determination of these
coefficients were reviewed. These experimental results had basically con-
firmed the validity of the closure relations, but were insufficient for a complete
evaluation of closure coefficients. More experiments are needed. An altern-
ative method is to validate the closure relations and to determine the closure
coefficients numerically. In view of the complexity of a random media, it is
proposed to study the flows in Hele-Shaw cells. The analogy as well as dif-
ference between a Hele-Shaw cell and a porous medium is first discussed.
The 3D steady and oscillating flows in Hele-Shaw cells past a heated circular
cylinder were simulated by the direct numerical simulation (DNS) method.
The results confirmed the basic theory of Hele-Shaw flows, but a complete
determination of the closure coefficients requires further works.

2.1 Introduction

Matters with masses form naturally into porous structures. They occur almost
over the entire world at different scales under considerations. One very good
example is our human body. Materials with porous structures are called
porous media. How the flows passing through the porous media with the
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associated heat and mass transfer has been of great interest to scientists
and engineers for centuries is because of its wide applications in materials,
mechanical, chemical, civil, and biomedical engineering. In this context, we
shall limit our discussions to the convective heat transfer through porous
media, although the same physical concepts devoted here can also be applied
to other disciplines.

2.1.1  Flows in Porous Media

Traditionally, the empirical Darcy’s [1] law has been applied for flows through
porous media when the Reynolds number based on the pore size (or particle
diameter, dp) is very small. Under this circumstance, the momentum equation
for fluid flows passing through an isotropic media is described by

—VP = ru 2.1
K

where P is the pore pressure, u the fluid viscosity, and U the Darcy velocity.
Here, Darcy velocity is taken as a superficial velocity by regarding the media
as a continuum and ignoring the details of porous structures. In Eq. (2.1), the
permeability, K, takes the well-known form of

342
S 2.2)
a(l — ¢)?
where ¢ is the porosity of porous media and a is a constant to parameterize
the microscopic geometry of the porous materials.

More lately, engineering practices require the operation of flows in porous
media at high Reynolds number, such as those in packed-bed reactors. Experi-
mental evidences showed that Eq. (2.1) was unable to describe the flows at
high Reynolds number. By fitting to experimental data, a nonlinear term was
added to Eq. (2.1) to correct for the advection inertia effect (Forchheimer [2]).
Thus, Eq. (2.1) was modified empirically into

U FplUU
_yp= MU FrlUl

2.3
X i (2.3)

where p is the fluid density. According to Ergun [3], the Forchheimer
coefficient F is given by F = b/y/ap3 where b is again a constant to para-
meterize the microscopic geometry of the media. Although Eq. (2.3) had been
used by researchers with some success in predicting flows in porous media,
Hsu and Cheng [4] showed theoretically that in addition to the two terms on
the right-hand side of Eq. (2.3), there is a need to include a term proportional
to |U|'/2U, to account for the viscous boundary layer effect at the intermediate
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Reynolds number. As a result, Eq. (2.3) was then modified into

H F
—VP = ru + P00 + PIUIY 2.4)

K K3/4 \/K

where the dimensionless coefficient H, like F, is a function of porosity and
microscopic solid geometry. Equation (2.4) was confirmed by Hsu et al. [5]
who performed experiments for flows through porous media over a wide
range from low to high Reynolds numbers.

Equation (2.4) was constructed based on the experiments and theory for
steady flows. Therefore, Eq. (2.4) is anticipated to apply only for steady
flows over all range of Reynolds number. Unsteady flows in porous media
have recently received great attention. One example is the oscillating flow
in the regenerators used in Stirling engines and catalytic converters. Others
are the transient processes in the start-up and shutdown of a capillary heat
pipe in mechanical engineering, and the well-bore pumping in hydraulic and
petroleum engineering. Because of the lack of adequate equations to describe
the unsteady flows in porous media, Eq. (2.3) sometimes was used indis-
criminately without justification. For coastal engineers to study the ocean
waves acting on sand sea beds or porous breakwaters, the common practice
is to incorporate into Eq. (2.1) the terms corresponding to transient inertia
and viscous diffusion (Liu et al. [6]), based on the classical works of Biot [7]
and Dagan [8]. The resultant equations had neglected the virtual mass and
viscous-diffusion memory effects and are expected to be valid only for low
Reynolds number flows of waves at long period. There remains the task to
construct a model for unsteady flows through porous media, which to the
first-order approximation is valid over the entire ranges of time scale and
Reynolds number.

2.1.2 Heat Transfer in Porous Media

Heat transfer in porous media had been studied for more than a century.
The simplest problem in heat transfer in porous media is the pure conduc-
tion when the fluid is not in motion (stagnant). Under the assumption of
a local thermal equilibrium between fluid and solid phases, mixture mod-
els were used traditionally for heat conduction in porous media. By this the
temperatures of solids and fluids are assumed the same locally and the heat
conduction equations averaged over the solid and fluid phases are lumped
into the following mixture equation,

oT
(PCp)ma =V . [ksVT] (2.5

where T is the averaged temperature and kg is the effective stagnant thermal
conductivity. In Eq. (2.5), the effective heat capacity of the solid—fluid
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mixture, (pcp)m, is defined as

(pep)m = @pcp + (1 — P) pscps (2.6)

where pcp and pscps are the heat capacities of fluid and solid, respectively,
with p and ps being their densities. As a result, the main task is to determine
the effective stagnant thermal conductivity ks as has appeared in the lumped
mixture heat conduction equation.

The determination of effective stagnant thermal conductivity has been a
subject of great effort for more than a century, beginning with the work
by Maxwell [9]. A large number of experiments had been carried out to
measure the effective stagnant thermal conductivity. Kunii and Smith [10],
Krupiczka [11], and Crane and Vachon [12] have compiled these early
experimental data. The experimental methods for determining ks were also
reviewed by Tsotsas and Martin [13]. Most of these measurements were car-
ried out for materials with the solid to fluid thermal conductivity ratio o (=
ks/k) in the range of 1 < 0 < 103. Effective stagnant thermal conductivities
of porous materials with higher value of ¢ were obtained experimentally by
Swift [14] and Nozad et al. [15], while those with lower ¢ by Prasad et al. [16].
With the advances in computer technology, the effective stagnant thermal
conductivities were determined numerically. Deissler and Boegli [17] were
the first to calculate ks; for media with cubic-packing spheres on the basis
of a finite-difference scheme, followed Wakao and Kato [18] and Wakao and
Vortmeyer [19] for media of a periodic orthorhombic structure. More recently,
Nozad et al. [15] and Sahraoui and Kaviany [20] had also obtained some
numerical results for periodic media. It should be noted that all the numer-
ical investigations were conducted for porous media with periodic structures
to confine the computation domain to a unit cell. Since Maxwell [9], sev-
eral analytical composite-layer models have been proposed for kst (Kunii and
Smith [10]; Zehner and Schlunder [21]). Recently, Hsu et al. [22] extended
the model of Zehner and Schlunder [21] by introducing a particle touching
parameter. The model of Kunii and Smith [10] was improved by Hsu et al.
[23, 24], using the touching and nontouching geometry of Nozad et al. [15];
they found that the predicted results of kst agree remarkably well with the
experimental data of Nozad et al. [15]. Kaviany [25] and Cheng and Hsu [26]
have reviewed the existing models of effective thermal conductivity in
detail.

The validity of the assumption of local thermal equilibrium remains an
open question, especially when the timescale of transient heat conduction is
short and the thermal conductivity ratio between the fluid and solid is very
much different from unity. If the solid and fluid are in thermally nonequi-
librium state, the heat conductions in the fluid and solid phases have to
be considered separately with a two-equation model. Closure modeling of
the thermal tortuosity and the interfacial heat transfer becomes inevitable.
Quintard and his coworkers [27, 28] had made considerable progresses on
the two-equation model. Hsu [29] proposed a transient closure model with
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a method to evaluate the thermal tortuosity. The transient closure model also
extended the model of Quintard and Whitaker [28] for interfacial heat trans-
fer by taking into account the dependence on the thermal conductivity ratio
of solid to fluid. A review of the transient heat conduction in porous media
to assess the validity of local thermal equilibrium assumption was given by
Hsu [30].

When the fluid in the porous media is in motion, a quantity due to thermal
dispersion as has appeared in the averaged energy equation becomes a new
unknown and requires closure modeling. Thermal dispersion bears consider-
able resemblance to mass dispersion that had received great attention for dec-
ades [31-41]. In contrary to mass dispersion, there exist only limited amount of
works on thermal dispersion. Gunn and De Sousa [42], Gunn and Khalid [43],
and Vortmeyer [44] represent some of the early works. More recently are
those works by Levec and Carbonell [45, 46] and Hsu and Cheng [4]. The
effect of fluid motion has also greatly enhanced the interfacial heat transfer
as a result of convection. Considerable progresses were made on the model-
ing of the enhanced interfacial heat transfer. These can be traced back to the
earlier works of Kunii and Suzuki [47], Nelson and Galloway [48], Martin [49],
and Wakao et al. [50]. Wakao and Kaguei [51] provided a comprehensive sum-
mary on the interfacial heat transfer. They found a great scattering of the
experimental data for low Reynolds number flows. Hsu [52] extended his
earlier work of interfacial heat transfer for pure conduction [29] to incorporate
the effect of forced convection for both low and high Reynolds number flows.

In this chapter, macroscopic equations governing the convective heat
transfer in porous media are derived rigorously by the method of volumetric
averaging [53], incorporated with an areal averaging procedure for the region
near a macroscopic boundary. This procedure leads to the closure problem
with new unknown terms as has appeared in the averaged equations where
the closure modeling becomes inevitable. These unknowns are those associ-
ated with the momentum and thermal dispersions, the interfacial tortuosity,
and the interfacial transfer. Closure relations as proposed by earlier works are
summarized to form a closed equation system. The limitations on the closure
relations are discussed to offer the possibility for further improvements. In
order to verify some aspects of the closure relations, convection in Hele-Shaw
cells in analog to flows and heat transfer in porous media is used. Flows and
heat transfer in the Hele-Shaw cells are computed with a 3D code, with a
direct numerical simulation method to assess the closure relations as well as
their associated closure coefficients.

2.2 Macroscopic Governing Equations

In this section, we shall obtain the macroscopic governing equations for the
transport of momentum and energy in porous media. The scaling law for
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FIGURE 2.1
The schematic to illustrate the scaling law and the REV for the volumetric average scheme.

treating the porous media is first introduced, followed by a description of the
transport equations at the microscopic scale. The volumetric and areal aver-
aging procedures are then defined and applied to the microscopic transport
equations to obtain the macroscopic transport equations. Here, we restrict
our discussion to a rigid media where relative position of solids is fixed.

2.2.1  Scaling Law

As depicted in Figure 2.1, the macroscopic scale is defined by the coordinate
system x;, i = 1-3, which has the global length scale of L for the problem
under consideration. The increments of the macroscopic scale, dx;, are of the
same order to the length / of an REV given by V = dx;dx,dx3. Thelocal micro-
scopic coordinate system, x;, also has the length scale /, which is assumed to be
large compared to the characteristic length of the solid particles, dp. Therefore,
the increments of the microscopic coordinates, dx;, are much smaller than dp,
but much larger than the molecular scale I,. Hence, L > [ > dp > In,
dx; = I = O(x)), and dpp > dx; > Im. With the last inequality, the concept of
continuum mechanics can be applied directly at the microscopic scale.

2.2.2  Microscopic Transport Equations

For simplicity, we shall restrict our discussions to a rigid medium in which
the solid structure is fixed in space. The properties of the fluid such as density,
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viscosity, and thermal conductivity are assumed constant. Hence, the fluid
is Newtonian and incompressible. The continuity, momentum, and energy
equations of the fluids in pore space at the microscopic scale without body
forces are described respectively by:

Continuity equation
V-u=0 2.7)

where u is the fluid velocity and V is the microscopic gradient operator.
Momentum equation

ad
'08_1’: + pV - (uu) = —Vp 4 uVS (2.8)

where p is the pressure and S is the strain rate tensor given by

ou; 3Mj
S=6.:— (41 2.9
ij <8xj + axi) 2.9
Energy equation in fluid
Pepy + pcpV - (uT) =kV-T (2.10)

where T is the temperature of the fluid, ¢, is the specific heat capacity of fluid
at constant pressure, k is the thermal conductivity of the fluid.

While the solid of the porous media is assumed to be rigid, that is, us = 0,
the conduction of heat in solids may occur. The energy equation for the solid
phase can be obtained from Eq. (2.10) by subscripting the physical quantities
with s for the solid phase and setting us = 0 to yield:

Energy equation in solid

oT,
pscpsa—: = ksV2Ts (2.11)
where T is the temperature, ps the density, cps the specific heat capacity, and
ks the thermal conductivity, of the solid.

2.2.3 Volumetric and Areal Averages

Volumetric averaging
The intrinsic average of a fluid quantity w over the fluid phase is defined as

L wdV (2.12)

w
Vi Jv,
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We now follow the procedure of Whitaker [53] to derive the volumetric
average for the divergence of a flux w. The divergence theorem reads

/ V-wdV =[] w-ds (2.13)
Ve St

where S¢ is the surface enclosing the fluid volume V¢ and ds is the surface areal
increment vector which is represented by ndA with n being the unit vector
outward normal to S¢ from fluid to solid and d A the scalar areal increment. For
the REV depicted in Figure 2.1, the surface S¢ consists of a fluid—solid interfa-
cial surface A¢g and six flat fluid surfaces, two Ag,, each atx; £dx;/2,i = 1-3.
We should assume that the areal porosities in the x; directions are identically
equal to ¢,, thatis, Agy, /Ay, = ¢a, and that Ag,, and Ay, are chosen sufficiently
large, equal to Af and A, respectively, to render ¢, being independent of the
size of A. Therefore, Eq. (2.13) after being divided by V becomes

1 — /(1 1
— V.-wdV=V. —/ wdA)+— w-ds (2.14)
%4 <A A V Jag

where V is the macroscopic gradient operator. The areal and volumetric
averages can be taken as the same in the domain of a randomly packed porous
medium where both are defined rigorously. As a result, Eq. (2.14) in terms of
the intrinsic average quantity becomes

¢v.w=7(¢W)+l w-ds (2.15)
V Afs

where the overhead bar represents the intrinsic average over the fluid phase,
that is,

V- -w,W) = l (V-w,w)do (2.16)
Ve Jv;

By applying the above divergence theorem to wi, wj, and wk, respect-
ively, and summing up the resultant expressions into a vector, the averaging
procedure for a gradient reads

oYW = VoW + —~ [ wads 2.17)
4 Afs

Note that the last terms in Egs. (2.15) and (2.17) represent the interfacial trans-
fer terms caused by the interaction between the fluid and solid. For the time
derivatives of a quantity, the average over the REV leads to

w _ @ — l wu - ds (2.18)

Yot T otV
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The above expressions are for the averages in fluid phase. Using the similar
concept, it is easy to obtain the averages for solid phase. Then the quantity
W, denotes the solid phase averaged results defined as

= — d 2.19
W 7 sz v (2.19)

The expressions (2.15), (2.17), and (2.18) are then converted to

_ o 1
sV - Wg =V - (PpsWg) — — ws - ds (2.20)
V Afs
_ 1
PsVWg = V(W) — — wsds (2.21)
V Afs
and
ows  (psWs) 1
— = — -d 2.22
Y at V Ja, Wells - 08 @22)

for the averages over solid phase, where ¢s = 1 — ¢ is the volume ratio of
solid phase. Note that the last terms in Egs. (2.20) to (2.22) take a different sign
from (2.15), (2.17), and (2.18) since ds is now inward into the solid. For rigid
solid medium where u = us = 0 on Ag, last terms in Egs. (2.18) and (2.22)
become zero.

Areal averaging

It should be noted that the volumetric average defined above fails to apply
in the region near a macroscopic boundary. This problem becomes serious
since most of the important transfer process occurs in a boundary layer near
an impermeable wall. To circumvent this difficulty, we should degenerate the
REV into a thin plate as shown in Figure 2.2. Hence, V = dx;dx,dx3 = Adx3
where x3 is measured in the normal direction from the macroscopic boundary.
Note that x3 remains at a microscopic scale, that is, dx3 <« dp. The fluid
volume in REV is given by Vi = A¢dxz. Then, the porosity is defined by
V¢/V = Ag/A = ¢,. The intrinsic average of a fluid quantity w over the fluid
phase now becomes

1 1
— wdV = — wdA (2.23)
Ve Jv, Af Ja

w

For the degenerated REV (DREV), it can be easily shown that the relations
given by Egs. (2.15), (2.17), and (2.18) remain valid, except that the volume-
tric porosity ¢ is replaced by the areal porosity ¢,, that the overhead bar
is interpreted as the areal average and that the macroscopic gradient V is
interpreted as V = (3/9%1,0/9%2,8/0x3). Expressions for the areal average
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FIGURE 2.2
The schematic for the DREV for the areal average scheme near the macroscopic boundary
wall.

over the solid phase similar to those of Egs. (2.20) to (2.22) can be obtained,
and the correspondent interpretations follow.

2.2.4 Macroscopic Transport Equations

By performing the volumetric averaging to the microscopic equations
(2.7-2.11), invoking the relations (2.15-2.22) and decomposing the velocity,
pressure, and temperatures intou = a+u,p = p+p,T = T+ T, and
Ts = Ts + T., respectively, we find that

V.-(pu) =0 (2.24)

a = — - - — - _
o [a@ﬁ) +V- (¢ﬁﬁ)} = =V(¢p) + p[vV - (¢S) + V - (—pu'u)] + by
(2.25)
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where

9]

§:

ii= % (a(qbﬁi) + a(d)ﬁj)) (2.26)

0x; 0x;

In Eq. (2.25),
N 1 1 / /
bfsz—/ (—pI+,uS)-ds=—/ (—p'I+pS') -ds (2.27)
14 Afs 14 Afs

represents the interfacial force per unit volume as exerted by the solids,
with I = §;; being the identity matrix. Note that the volumetric interfacial
force is contributed from the pressure and the shear stresses acting on the
solid surface. The quantities, —¢u'u’/, in Eq. (2.25) represent the additional
stresses due to the correlation between the velocity variations over REV,
called the momentum dispersion. Its occurrence may bear some resemblance
to the Reynolds stresses appearing in turbulence.

2.2.4.1 Energy equations
Fluid phase

d(T e — -
pcp% + pcpV - (puT) = kV2(¢T) + pcpV - (=pu'T') +kV - Ags + gss

(2.28)

On the right-hand side of Eq. (2.28), the quantity (—u'T’) represents the
thermal dispersion, the quantity

1 1
A= T-ds:—/ T . ds (2.29)
Afs

in the second last term represents the thermal tortuosity and the last term

1
qts = v kVvT -ds (2.30)
Afs

represents the interfacial heat transfer from solid into fluid per unit volume.
Solid phase

3(@sTs)
ot

PsCps = ksvz(d)sTs) —ksV - Ags — dfs (2.31)
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In Eq. (2.31), we have invoked the condition of the continuity of heat flux
across the interface, that is,

kVT = ksVTs on Ag (2.32)

so that the source term g¢ given by Eq. (2.28) for fluid phase becomes the
sink term for solid phase, or vice versa. Because the surface increment ds is
out-normal from fluid into solid, the second term on the right-hand side of
Eq. (2.31) takes the negative sign as different from the corresponding term in
Eq. (2.28).

The macroscopic transport equations given above with some prescribed
boundary conditions cannot be solved directly because there are more
unknowns than the number of equations. This leads to a so-called closure
problem. These unknown terms are associated with the momentum and
thermal dispersions, the thermal tortuosity, and the interfacial momentum
and heat transfer. The interfacial momentum transfer appears as the resist-
ant force on fluid by the solid structure and is also termed as the volumetric
interfacial force. While the dispersions occur in the domain of fluid phase, the
thermal tortuosity and the interfacial momentum and heat transfer occur at
the solid—fluid interface. Constitutive relations need to be sought through
closure modeling scheme to relate these new unknowns to the averaged
macroscopic quantities.

2.3 Closure Modeling

The construction of closure relations associated with the dispersions,
tortuosity, and the interfacial transfer now becomes the major task for the
present treatise of the transport phenomena in porous medium. As the clos-
ure problem involves the microscopic deviation quantities, it is logical to
examine the behaviors of u’, p’, T”, and T}. This can be done by first obtaining
the governing equations for the microscopic deviations, then normalizing
the resultant equations to reveal the key nondimensional parameters such
as Reynolds number, Péclet number, and Keulegan—Carpenter number that
govern the behaviors of the microscopic transports. The closure relations
applicable in different ranges of these key parameters then can be obtained
based on the correlation between the microscopic deviations and the mac-
roscopic quantities. The composite closure relations valid for all range of
the parameters can then be constructed. This procedure of closure modeling
scheme is quite standard and can be found in [4, 29, 30, 52, 53]. Here we shall
not go into details of the closure modeling scheme, but only summarize the
results of these closure relations as obtained earlier by others.
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2.3.1  Closure Relations for Momentum Dispersion and
Interfacial Force

Following the similar principle of Hsu and Cheng [4] for deriving the thermal
dispersion, Hsu [52] obtained the closure relations for the momentum disper-
sion and interfacial force. The resultant composite closure relations that are
valid for all Reynolds number, Rep = [u|dp/v, and all range of timescale are
summarized as follows.

Momentum Dispersion
Following the Taylor series expansion, the velocity deviation u’ to the first-
order approximation can be expressed into

u' =cju+dpcy-S (2.33)

Therefore, the momentum dispersion becomes:

—u'u = —cau + ¢S (2.34)

where ¢ is the dispersion viscosity given by
_ 2
e =cillul + col'|S| (2.35)

with [ being the mixing length of momentum dispersion and c; and c;
being the correlation coefficients. The first term on the right-hand side of
Eq. (2.35) resembles the Prandtl’s third mixing length theory for turbulent
eddy viscosity of a wake behind a sphere and that the second term resembles
the eddy viscosity for turbulent boundary layer near a solid wall. How-
ever, the dispersion length for flows in porous media is assumed to scale
with the particle diameter in the core region far away from an impermeable
wall and then to become linearly proportional to the distance x3 measured
from the impermeable wall. By adapting van Driest’s damping factor A*,1is
expressed as

I = c3dp[1 — exp(—ATX3/dp)] (2.36)

Volumetric Interfacial Force

— C: C C
b = - 2% - A8 o - 2 g
p dp p

PsCG on  _ = _
- — A\
dp VIV x @m0
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_ Do
— pscLT X [V x ($T)] — pebscy (g:)

(2.37)

_ [pH ésem /'-‘ d(¢w _dr
n dy ) 0 Viot

where cg is the drag coefficient due to Stokes flow, cg and ¢y are the
viscous and inviscid drag coefficients due to fluid advection, cg and
¢, are the viscous and inviscid lift force coefficients due to mean vor-
ticity, and cy and cy are the transient inertia drag coefficients due to
the virtual mass and the Basset transient memory effects. Note that the
form drag, the inviscid lift force, and the virtual mass force are inde-
pendent of the viscosity, that is, they are associated mainly with the
hydrodynamic pressure. The relation (2.37) bears considerable resemblance
to that for the two-phase flows, although there are some differences in
detail.

Macroscopic Momentum Transport Equations
By invoking Eq. (2.34) into Eq. (2.25), the macroscopic momentum transport
equations with the aid of Eq. (2.26) now become

a = — — — _
14 [ﬁ@ﬁ) +V-(p(1+ C)ﬁﬁ)} = —V(¢P) + pV - [(v + &)V(pT)] + bss
(2.38)

where by is given by Eq. (2.37). It is seen that the effects of momentum
dispersion are to produce the excess mean momentum and the dispersion
viscosity.

2.3.2  Closure Relations for Thermal Dispersion, Thermal
Tortuosity, and Interfacial Heat Transfer

The closure for the thermal dispersion, thermal tortuosity, and interfacial
heat transfer had been studied greatly for decades. Hsu and Cheng [4] pro-
posed a closure model for the thermal dispersion. The early works on the
closure modeling of thermal tortuosity were on the problem of stagnant heat
conduction in porous media. Quintard and Whitaker [27, 28] gave a first
comprehensive account of the thermal tortuosity, followed by the recent
work of Hsu [29]. The early works on the interfacial heat transfer were
highly experimental (Kunii and Suzuki [47]; Wakao et al. [50]). A more
comprehensive theoretical treatment of the closure model for the interfa-
cial heat transfer was given by Hsu [4, 52]. Here we should summarize the
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closure relations as obtained by Hsu and Cheng [4], Hsu [29], and Hsu [52]
as follows:

Thermal Dispersion
The thermal dispersion was modeled by Hsu and Cheng [4], who showed
that

—¢puT =Ap-VT (2.39)

where Ap is the dispersion thermal diffusivity tensor which for a homo-
geneous media can be expressed into

o1 0 0
Ap=|[0 a O (2.40)
0 0 a3

with o1, a2, and a3 being the dispersion thermal diffusivities in the longitud-
inal, transverse, and lateral directions, respectively. It is anticipated that the
transverse and lateral dispersions are of the same order in core region of the
porous media, but not in the region near the impermeable wall. According to
Hsu and Cheng [4], the dispersion thermal diffusivities are linearly propor-
tional to the Péclet number, Pe,, = [u|dp /o, when the Péclet number is large,
and becomes proportional to the square of the Péclet number when the Péclet
number is low. Therefore, the composite relations for the dispersion thermal
diffusivities can be constructed as

2

p .
=1,2 2.41
bi 1 Pey (i=1,2,and 3) (2.41)

a;Pe

oj=(1—-¢)
where a; and b; are coefficients depending only on microscopic geometry of
the media.

Thermal Tortuosity
According to the closure modeling of Hsu [29], the thermal tortuosity is
expressed as

Ais=G(VT —oVTy) (2.42)

where G is the tortuosity parameter and o (= ks/k) is the conductivity ratio
between solid and fluid. The tortuosity parameter G can be determined from

 kst/k) — ¢ — o (1 — ¢)]
B (1-0)?2

G (2.43)

where kg is the effective stagnant thermal conductivity of the porous media
based on a mixture model under the condition of local thermal equilibrium.
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A comprehensive review of the effective stagnant thermal conductivity of
porous media was given in Cheng and Hsu [26].

Interfacial Heat Transfer
From Hsu [29], the closure relation for the interfacial transfer from solid to
fluid is given by

qts = hesags(Ts — Tg) (2.44)

where ag (= Ag/V) is the specific interfacial area and /g is the interfacial heat
transfer coefficient. From Hsu [52], the interfacial heat transfer coefficient
takes the form of hf (1 + c4PrRep) at low Reynolds number where £, is the
stagnant interfacial heat transfer coefficient when fluid is still (Hsu [29]); how-
ever, at large Reynolds number, it becomes proportional, PrmReg, where m
and n depend on the ranges of Pr and Rep of the microscopic flows. Therefore,
the composite expressions for hig in terms of the interfacial Nusselt number
becomes

_ hesdp s aPrRep
Nug, = =Nug |1+ " (2.45)
k b+ Nu} Pr'="Re,

where Nug, is the stagnant interfacial Nusselt number and a and b are coeffi-
cients with a/b = c4. From the classical theory of convective heat transfer, we
have n > 0.5 for large Reynolds number. We also have m = 1/2 when Pr « 1
and m = 1/3when Pr > 1. A quasi-steady model for Nuj, as proposed by Hsu
[29], on the basis of the parallel conduction layers on fluid and solid sides,
respectively, is expressed as

Nu* = h}ksdp _ o

= = 2.46
fs k aAC +ap (2.46)

where ap and ap represent the dimensionless conduction layer thickness in
fluid and solid phases as normalized by the particle diameter, respectively.

Macroscopic Energy Equations

By substituting the closure relations for the thermal dispersion, thermal tor-
tuosity, and interfacial heat transfer into (2.28) and (2.31), the macroscopic
energy equations become:

Fluid phase

AT = 2 = o T
pcp% + pepV - (¢TT) = KV (@T) + pcpV - (Ap : VT)

+kV - [G(VT — oV Ts)] + hgsags(Ts — T)  (2.47)
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Solid phase

3(psTs)

= eV (4sTs) —ksV - [G(VT — 0V Ts)] — s (Ts — T)  (2.48)

PsCps

Equations (2.47) and (2.48) with the dispersion thermal diffusivity, the tor-
tuosity, and the interfacial heat transfer coefficient given by Egs. (2.39),
(2.42), and (2.44), respectively, are the macroscopic governing equations
for the unsteady convective heat transfer in porous media. The evaluation
of the closure coefficients «;, G, and hi then becomes one of the main
tasks.

2.4 Superficial Flows and Heat Transfer

The above closure relations are derived in terms of the phase-averaged
flow and heat transfer quantities that have their intrinsic physical mean-
ing. For instance, for media with dispersed dilute spheres (limit case of
¢ — 0), u is the incoming free stream velocity for the problem of flows
past a sphere. Then the closure coefficients can be determined from the clas-
sical theory of fluid mechanics. However, in this study the porous media
are made of densely packed particles or interlinked solids. The interfer-
ence among solid particles is important and the closure coefficients depend
strongly on the porosity. This dependence is hard to determine analytic-
ally; however, the evidences from the existing experimental data suggest
that the proper scale to account for the contribution due to particle inter-
ference to the volumetric interfacial force should be the hydraulic diameter,
defined by

L (2.49)

The flows through the porous media are then postulated as those passing
through a series of capillary tubes of diameter d},. To be inline with classical
Darcy’s formulation, we should express the equations in terms of the pore
pressure, P = p, and the Darcy velocity, U = ¢u. Flows with velocity field U
are regarded as the superficial flows over the entire domain of porous media
since the velocity U does not represent the actual velocity in the media;
however, for convenience T and Ts will remain to represent the averaged
temperatures over the respective phases.
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2.4.1 Governing Equations for Superficial Flows

In terms of Darcy velocity, pore pressure, and hydraulic diameter, the phase-
averaged continuity and momentum equations, (2.24) and (2.38), become

V.-U=0 (2.50)

and

a —= — — — —
14 [ﬁ(U) +V-(Q+ C)UU/¢)] =—V(¢P)+pV-[(v+e)V(U)] + b
(2.51)

where the dispersion viscosity in terms of the hydraulic diameter is rewrit-
ten as

- 2 =
€ = ch1ln Ul + cn2ly, ‘Sh‘ (2.52)

Here the strain rate tensor Sy, and the hydraulic dispersion length I, are
redefined as

— o au; AU,
Sh = ¢S = ¢S; = (—_1 + —J) (2.53)
0x; 0X;
and
Iy = dp[1 — exp(—A[ X3 /dp)] (2.54)

Note that c3 in Eq. (2.36) can be adjusted arbitrarily to render Eq. (2.54). The
volumetric interfacial force in terms of Darcy velocity becomes

= qu pCr CG
b = — =B JouUU - ZLuju - Ux (VxU
_ t 8U d
— pCLU x (V x U) — pCV— - /p ’”‘ = ! (2.55)
— T

Here, the dependence of the dispersion viscosity and the volumetric inter-
facial force on the porosity appears implicitly in the hydraulic diameter and
the closure coefficients in Egs. (2.52) and (2.55). These coefficients also depend
strongly on the microscopic geometry of the solids; hence, they need to be
determined experimentally.
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Equations (2.50) to (2.55) form a closed set of equations that can be solved
with proper macroscopic boundary conditions. They are the macroscopic gov-
erning equations for the superficial flows in porous media. These equations
have taken account of the first-order leading terms over the entire ranges
of Reynolds number and timescale. As seen from the right-hand side of
Eq. (2.55), the first term represents the force due to Stokes drag, proportional
to w. Itis contributed from both shear and pressure, and corresponds to creep-
ing flows at low Reynolds number. The second, fourth, and seventh terms are
proportional to 4!/? corresponding to boundary layer flows at intermediate
Reynolds number (lower-end of high Reynolds number) and intermediate
timescale; the forces are solely contributed from shear. The third, fifth, and
sixth terms are independent of u corresponding to inviscid potential flows
at very high Reynolds number and short timescale, and the forces are solely
contributed from pressure.

The superficial flow in terms of Darcy velocity can be considered as being
a continuum flow over the whole domain of the porous media. The details of
the solid structure in the media are disregarded. This is equivalent to saying
that the flows in porous media can be regarded macroscopically as the flows
of a special type of fluids. We should call this fluid as “Darcy fluid.” The flow
of Darcy fluid has a mass flux pU but has a momentum flux p(1+¢c)UU/¢ ; it
also has a viscosity (v + ¢) as if that of a non-Newtonian fluid and subject to
a body force by, associated with the resistance caused microscopically by the
solids. The effective pressure to drive the Darcy fluid is ¢P. It is noted that
the values of ¢, ¢, and bg depend strongly on the velocity and shear of the
superficial flow. Particularly, bg, depends also on the transient acceleration of
the superficial flow.

2.4.2 Heat Transfer in Superficial Flows

While the energy equation for the heat conduction in solid phase remains the
same as given by Eq. (2.48), the energy equations governing the convective
heat transfer of the Darcy fluid then become:
3(¢T e = E—
pcp% + pcpV - (UT) = sz(qu) +pcpV - (Ap-VT)
+kV - [G(VT — oV Te)] + hgsags(Ts — T)  (2.56)
where the dispersion thermal diffusivities are given by

ahl-Pef1

—a0— i=1,2, and 3 (2.57)
bhi + Pey, ( )

o

with the Péclet number based on hydraulic diameter given by Pey, = |U|dy, /«,
and ay; and by; being coefficients. The interfacial Nusselt number in terms of
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the hydraulic diameter then becomes

hesd

(2.58)

an Pr Rey,
Nupgs = )

by + Nui"lfSPﬂ—mRe}l]_"

where Rey, = |Uldp/v is the Reynolds number based on Darcy velocity and
hydraulic diameter, and Nuj is stagnant Nussult number given by

My o

Ny, = (2.59)

ko AKhAO + OKB

If the solid and fluid phases are locally in thermal equilibrium, thatis, Ts=T,
we can lump Egs. (2.48) and (2.56) together to yield:

aT - = 2= - —=
(pep)m sy + pepV - (UT) =kaV' T + pepV - (Ap-VT)  (2:60)

where (ocp)m = ¢pcp + (1 — P)pscps is the heat capacity of the solid—fluid
mixture.

2.5 Evaluation of Closure Coefficients

In this section, we shall review some of the experiments that are relevant
for the determination of the closure coefficients that appear in the closure
relations. They are summarized in the following sections.

2.5.1 Hydrodynamic Experiments

Most of the early experimental works on the flows in porous media were
devoted to the determination of the coefficients in the interfacial force. To the
author’s knowledge, till date there exist no experimental data for the determi-
nation of the coefficients in the closure relation of momentum dispersion.
The main difficulty lies on the fact that the Brinkman layer near an imper-
meable wall is too thin to be measurable. Even for the interfacial force, most
of the early works were conducted on steady flows for determining the per-
meability to delineate the Darcy’s law at very low Reynolds number and the
Forchheimer inertia effect at very large Reynolds number. To delineate the
transient effect, we need to study the unsteady flows. One of the simplest
unsteady flows is the one-dimensional periodically oscillating flow. Recently,
Hsu et al. [5] and Hsu and Fu [54] measured the velocity and the pressure-
drop for both steady and oscillating flows across porous columns packed
from wire screens. For better understanding of the experimental results,
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a brief review of the theory of oscillating flows in porous media is given
first. It should be noted that these experiments were only valid for flows in
the core region of the porous media.

2.5.1.1 Theory of oscillating flows in porous media

We consider oscillating flows in a packed column. In the core region of the
packed column, the superficial flow is one-dimensional, that is, U = (u,0, 0)
where u is a function of time only. Equation (2.51) with the substitution of
(2.55) reduces to

u  dgp) pnCs Cs pCy
pA+CV) o = ——7 —d—zu d3/2¢pul u — Elulu

f du dr
/p“ v_dr 2.61)
t—r

In Eq. (2.61), the terms with the coefficients Cs, Cg, Cy, Cy, and Cy are asso-
ciated, respectively, with the Stokes drag force, the frictional force due to
advection boundary layer, the inviscid form drag, the inviscid virtual mass
force, and the Basset memory viscous force due to transient boundary layer.

In the limit of low frequency oscillating flows, Eq. (2.61) reduces further to
the quasi-steady form of

ep MCS Cs ——  rC

which was proposed first by Hsu and Cheng [4]. Equation (2.62) indicates that
the negative pressure gradient and the velocity are in-phase, thatis, maximum
pressure-drop occurs when the velocity is maximal. Taking the maximum of
pressure and velocity oscillations, Eq. (2.62) becomes

Cs Cp

=— 4+ —+4+C 2.63
f Reh—i-Re;l/z-I— I (2.63)

where f = ¢Apmaxdn/(puZ,,,L) is the pressure-drop coefficient with Apmax
being the maximum pressure-drop across a distance L of the packed column,
and Rey, = tmaxdp /v the Reynolds number with 1,y being the amplitude of
a sinusoidal velocity, that is, # = tmax cos wt.

When the transient inertia force becomes important at high frequency, there
will be a phase difference between velocity and pressure-gradient oscilla-
tions. A complete description of velocity and pressure-gradient correlation
requires both the amplitude correlation and phase difference. The velocity
and pressure gradient are assumed as the real part of the following complex
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expressions,

N 10P
U=1ae* and - i et 4 harmonics (2.64a,b)

where il(=uyx) and & represent the complex amplitudes of velocity and
pressure gradient of the fundamental mode, respectively. The substitution
of Eq. (2.64) into Eq. (2.61), and then collecting the fundamental mode of
oscillation, leads to

1 C C 2.64v |il 2.67C Cwm/i
= ”_25 3_/32 v|u|+ I|| MVIOY L (14 Cy)iw | @
¢ ds dy T 7 dp

(2.65)

From Eq. (2.65), it appears that the Basset memory force generates a pressure-
gradient component of a 45°-phase difference from the velocity, while the
virtual mass force generates a component of a 90°-phase difference. The
quasi-steady state then represents the limit case of a 0°-phase difference when
w — 0. Taking the absolute value to Eq. (2.65) results in

Cs Cs /264 2.67C; Cvm /idp
== ¢ =B /=22 1
Ren T2 Rel/z x T tan Re 1/2 A *

where f |&| pdn/ ’u| is the pressure-gradient coefficient based on the fun-
damental mode, Rep, = |ii|dp/v is the Reynolds number, and A = [il| /w is
the amplitude of the fluid displacement of the superficial flow. Here we have
A = ¢A with A being the intrinsic average of fluid displacement in the pore.
The phase angle between the pressure and velocity can be obtained by taking
the argument to Eq. (2.65) to result in

(2.66)

9 — tan-1 (14+Cv)(dn/A) + (Ca/v/2Ren)/dn/A
Cs/Rep, + (Cp/+/Ren)/2.64/m +2.67Cy/m + (Cm/v2Ren)/dn/A
(2.67)

Equations (2.66) and (2.67) indicate that the pressure gradient of an oscillating
flow in a porous medium depends on two parameters, Rep and dy/A. The
inverse of dy /A is the Keulegan—Carpenter number commonly encountered
in oscillating flows. In the limit of d,/A — 0 (i.e., A - oo and @ — 0 while
maintaining || as finite), Eq. (2.66) reduces to

PG, & e 267G
"~ Rey Rel/Z m n

(2.68)
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and the phase angle approaches zero. Note that Eq. (2.68) is different from
Eq. (2.63) by the factors of /2.64/7 and 2.67 /7 in the last two terms because
Eq. (2.68) uses the amplitude of fundamental mode rather than the maximum
of the pressure gradient.

2.5.1.2  Experimental results

Figure 2.3 shows the experimental results of the pressure-drop coefficient
varying with the Reynolds number for steady and low frequency oscillating
flows across the packed column as obtained by Hsu et al. [5]. The most fasci-
nating result is that the oscillating flow data collapses into the steady flow
data. This implies that the oscillating flows in porous media in the low fre-
quency limit are indeed quasi-steady. The most important feature in Figure 2.3
is that the experimental data covered a wide range of 0.27 < Rey, < 2600 so
that the constants Cs and Cj for the Darcy and the Forchheimer limits at
low and high Reynolds numbers, respectively, can be determined with no
ambiguity. As a result, Cg can also be determined accurately by fitting the
experimental data to Eq. (2.63). The values of Cs, Cg, and Cj as obtained from
the best curve-fit are 109, 5.0, and 1.0, respectively. For comparison, the curve
for Cg = 0, which represents the two-term Darcy—Forchheimer correlation
commonly used in the porous medium research community, is also plotted

in Figure 2.3. It is seen that the exclusion of the term with Re, /2 on the

1,000 —

| — €4=109, Cz=5.0, C;=1.0

— — =109, Cz=0.0, G;=1.0

100 + L — Steady flow (mesh 40)
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=
2
2
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Q
8
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s
&
2
g
~

1
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Reynolds number based on pore velocity and hydraulic diameter
FIGURE 2.3

Correlation of pressure-drop coefficient with velocity of steady and oscillating flows through the
packed porous column.
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FIGURE 2.4
Phase difference between the fundamental mode oscillations of the velocity and the pressure-
drop across packed columns made of different sizes of wire screens.

right-hand side of Eq. (2.63) underestimates the pressure-drop by 20-30% in
the intermediate Reynolds number range of 40 < Rep, < 1000.

The experimental results of pressure-drop and velocity correlation for high
frequency oscillating flows in the packed column as given by Hsu and Fu [54]
are shown in Figure 2.4 and Figure 2.5 for the phase angle and amplitude,
respectively. We note that the amplitude data is not accurate enough to be
used for the determination of the coefficients Cy; and Cy. Instead, the phase
angle data were used. From Figure 2.4, it is seen that the phase difference
is as much as 40° at the Reynolds number of 780 when dy,/A = 0.288. This
implies that the interfacial force due to transient inertia is of the same order
in magnitude as that due to advection inertia. With the values of Cs = 109,
Cp = 5.0, and Cy = 1.0 from Figure 2.3, the curves with the values of Cy and
Cwm obtained by best fit of the data to Eq. (2.67) are plotted in Figure 2.4. The
agreement between the experimental results and the theoretical predictions
is shown in Figure 2.4. This implies that the inclusion of the transient inertia
force into the volumetric interfacial force due to solid resistance is crucial for
a complete description of the unsteady flows in porous media. The predic-
tions of amplitude correlation based on Eq. (2.66) using Cs = 109, Cg = 5.0,
C1 = 1.0, and the fitted values of Cy and Cy for different d}, /A are plotted
in Figure 2.5. For comparison, the steady flow data of Figure 2.3 (equival-
ent to d, /A = 0) were first converted for Eq. (2.68) and plotted in Figure 2.5.
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FIGURE 2.5

Correlation between the amplitudes of fundamental mode oscillations of velocity and pressure-
drop across packed columns made of different sizes of wire screens.

A good agreement is found between the experimental data and the theoretical
predictions.

2.5.2 Heat Transfer Experiments

There exist considerable experiments on the heat transfer in porous media.
Wakao and Kaguei [51] and Kaviany [25] had comprehensively com-
piled the early experimental results. Here we recapture those that are
relevant to the thermal dispersion, thermal tortuosity, and interfacial
heat transfer, incorporated with some results from recent experiments by
Fu and Hsu [55].

2.5.2.1 Thermal dispersion

Under the low frequency condition, Fu and Hsu [55] measured the longitud-
inal thermal dispersion for oscillating flows through a porous column packed
of wire screens. The oscillating flows at such low frequency are quasi-steady as
demonstrated in Section 2.5.1. Figure 2.6 shows the variation of the effective
longitudinal dispersion thermal diffusivity with the hydraulic Péclet num-
ber. As seen from Figure 2.6, a1/« increases almost linearly with the Péclet
number when Pe;, > 10. As Pe;, decreases toward Pe;, ~ 10, the value of
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FIGURE 2.6

Comparison of the experimental results of dispersion thermal diffusivity (Fu and Hsu [55]) with
the predictions based on the model of Hsu and Cheng. (Taken from C.T. Hsu and P. Cheng. Int.
J. Heat Transfer 33:1587-1597, 1990. With permission.)

a1/ decreases more rapidly to exhibit the trend of Pe?, although the data
range of Pej, is not low enough to provide a complete picture in the range of
low Péclet number. Apparently, the data shown in Figure 2.6 are consistent
with the quasi-steady closure model for thermal dispersion as given by Hsu
and Cheng [4]. The composite expression as given by Eq. (2.57) was used by
Fu and Hsu [55] to fit the data to obtain a,; = 1.94 and b1 = 30. The results
of the best fit are given in Figure 2.6 as the solid curve. It should be noted
that the value of by may be subject to some uncertainty because of the lack
of data in low Péclet number range; however, the value of ay,; = 1.94 should
give better confidence.

2.5.2.2 Kffective stagnant thermal conductivity and
thermal tortuosity

As the tortuosity parameter G is related to the effective stagnant thermal con-
ductivity kst by Eq. (2.43), the main task becomes to experimentally determine
kst. A more complete experiment for the determination of ks that covered a
wide range of solid-to-fluid thermal conductivity ratio was the one conduc-
ted by Nozad et al. [15]. More recently, Hsu et al. [23] proposed the lumped
parameter 2D and 3D models to predict the effective stagnant thermal con-
ductivity. For the 3D model of in-line periodic arrays of cubes, the unit cell is
shown as in Figure 2.7. The expression for the determination of kg /k is then
given as:

ov21—vd 20yl = v0)

o+ y(l—-o0) o+ yeva(l—0)
(2.69)

kst/k =1 — v2 = 2veya + 2vev2 + ov2y2 +
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FIGURE 2.7
Unit cell of a 3D in-line array of cubes used in Hsu et al. (Taken from C.T. Hsu, P. Cheng, and
K.W. Wong. ASME |. Heat Transfer 117:264-269, 1995. With permission.)

where the particle size parameter y,(= a/l.) and the solid—particle contact
parameter y.(= c/a), as shown in Figure 2.7, are related to the porosity by

1—¢=1-3y2y + 3y} 2.70)
For nontouching cubes (y. = 0), v, = (1 — ¢)!/?, and (2.84) reduces to

%=[1—(1—¢)z/3]+

(1-¢)*3

The predictions by the models of Hsu et al. [23] and the experimental results
of Nozad et al. [15] are given in Figure 2.8. The comparison shows excellent
agreement. Hsu [29] then used the above 3D model to calculate kg /k and
then evaluate the tortuosity parameter G by Eq. (2.43). The results of G as a
function of o are given in Figure 2.9 for different values of porosity when the
solid—particle contact parameter takes a typical value of y. = 0.1.

2.5.2.3 Interfacial heat transfer

Unlike the thermal dispersion, considerable experimental works on the inter-
facial heat transfer were made in the past decades, because of important
applications in chemical engineering. Figure 2.10 shows the data compiled
by Kunii and Suzuki [47] in the range of low Reynolds number (areas enclosed
by solid curves), and by Wakao and Kaguei [51] in the range of high Reynolds
number (areas enclosed by dashed curves). The family of curves for differ-
ent values of o in Figure 2.10 is the prediction of Eqs. (2.58) and (2.59), with
m=0.5n=06,a, =129, and b, = 0.001, opa = 0.125, and app = 0.443
for air (Pr = 0.7). It appears that the model of Hsu [52] predicted the general
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FIGURE 2.8
Comparison of the predictions of effective stagnant thermal conductivity based on the 3D cube
and 2D square cylinder models of Hsu et al. [23] with the experimental results of Nozad et al.
(Taken from S. Nozad, R.G. Carbonell, and S. Whitaker. Chem. Eng. Sci. 40:843-855, 1985. With
permission.)
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The interfacial thermal tortuosity parameter for different values of porosity with the particle-
touching parameter fixed at 0.1.
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FIGURE 2.10

The predictions of the interfacial heat transfer coefficient based on the model of Hsu [52] and its
comparison with the early experimental data compiled by Kunii and Suzuki [47] and by Wakao
and Kaguei. (From N. Wakao and S. Kaguei. Head and Mass Transfer in Packed Beds. New York:
Gordon and Breach Science Pub. Inc., 1982. With permission.)

trend of experimental data with the correct magnitude. However, no solid
conclusion can be drawn because of the high scattering in data range (Nupgs
ranges from 10~% to 103).

2.6 Flows and Heat Transfer in Hele-Shaw Cells

Flows in Hele-Shaw cells are usually regarded as flows in a thin gap bounded
by two parallel plates. It has been widely used in analog by researchers for
studying flows in porous media in two-dimensions [56-60]. However, the
extent of Hele-Shaw flows in analog to the porous media flows and the lim-
itation of such analog were not well understood. Here, we should closely
examine the flows and heat transfer in Hele-Shaw cells using a heated circu-
lar cylinder imbedded in a porous medium as shown in Figure 2.11(a). For
such problem a desegregated model is to simplify the medium by separating
the fluid and solid phases in porous media into parallel layers. The character-
istic length of the solid and fluid layers are dp, and dy,. As a result, the domain
of the porous media consists of a series of parallel layers of solid and fluid as
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FIGURE 2.11

(a) Schematic of the flows past a circular cylinder imbedded in porous media. (b) The media is
simplified into a series of parallel layers of solid and fluid. (c) The unit cell represents a Hele-Shaw
cell.
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shown in Figure 2.11(b), with the unit cell depicted in Figure 2.11(c). Note that
in Figure 2.11(b) and Figure 2.11(c) we have adopted the notation dp = 2H;
and dy, = 2H for convenience. This unit cell is a Hele-Shaw cell. It becomes
clear that

dy 4
dy +dp = ?h = ﬁ 2.72)

which is consistent with Eq. (2.49). Flows and heat transfer in the Hele-Shaw
cell microscopically is a 3D conjugate problem. They are governed by
Egs. (2.7) to (2.11) described in Section 2.2. For the case of constant temperature
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Ty, on the cylinder surface, the proper boundary conditions are:
On the cylinder surface, 7 = R:
u=0 T=Ty (2.73a)
On the solid—fluid interface (cell surface), z = +H:
u=0 T=Ts and kdT/0z=ksdTs/0z (2.73b)
On the mid-plane of solid layer, z = +£(H + Hs):
9Ts/9z =0 (2.73¢)
At far away from the cylinder, r = oc:
u=uy, 1 =Ty (2.73d)
where u is a classical Hele-Shaw solution for fully developed channel flows.
The advantage of using Hele-Shaw cells is that the equation system
(2.7) to (2.11) with the boundary conditions (2.73) is well defined. The sys-
tem can be tackled much easier than dealing with random media, although
obtaining the complete solution for a 3D Hele-Shaw flow remains as a chal-
lenge. To explore the analog between Hele-Shaw cells and porous media, the

phase averages of a physical quantity over the thicknesses of the fluid and
solid layers are defined, respectively, as:

o 1 H _ 1 H+2Hq
W= o /_ Wz and o= o /H W dz (2.74a,b)

Performing the phase averages over the fluid and solid layers to
Egs. (2.7) to (2.11) leads to the following governing equations for the averaged
2D flow in parallel to the Hele-Shaw cell:

Fluid phase
V.u=0 (2.75)
0 [E;_f +V. (ﬁﬁ)} =-V@ +p|vV-S+V. (—W)] + % (2.76)
where
S=5;= (a—?l + a_?]> withi,j=1,2 2.77)
ax]» 0X;
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is the strain rate tensor and

z=H
T = <Ma—“> (2.78)
0z z=—H

is the total wall shear stress. The averaged energy equation in the Hele-Shaw
cell becomes:

oT R - qw
pcpg +pcpV - (@T) =kV(T) + pcpV - (—0'T") + >0 (2.79)
where gy = (kVT)ZZ",; is the heat source from the wall.
Solid phase

qw

2L (2.80)

T, —2 —
/Ostsa_iLS =ksV (Ts) —

Under the local thermal equilibrium assumption, Ts = T. Equations (2.79)
and (2.80), after being multiplied by 2H and 2Hs respectively, can be
lumped into:

T _ _ 0 _ _
(pep)m 5+ pep¥ - (GUT) = kY (T) + pepV - (~¢u'T) (2.81)

where (ocp)m has been defined after Eq. (2.60) and kst = ¢k + (1 — ¢)ks is
the effective stagnant thermal conductivity based on parallel layers model.
It is possible to construct a 2D thermal dispersion model for (—pu'T’) that is
similar to Eq. (2.39).

The comparison of the governing equations for the averaged flows and heat
transfer in Hele-Shaw cells with those of porous media derived in Section 2.4
shows the following differences: (a) the averaged Hele-Shaw flow is 2D, (b) the
interfacial force in the averaged Hele-Shaw flows is contributed solely from
the shear force, and (c) there exists no thermal tortuosity for the averaged
Hele-Shaw flows. As a result, a flow in Hele-Shaw cell can only be used as a
good analog to a flow in porous medium, only when the volumetric averaged
flow of porous media is 2D, viscous dominated, and thermal-tortuosity neg-
ligible. On the other hand, these simplified natures in Hele-Shaw flow render
the flow as a good candidate for the verification of the closure modeling. In
addition, a 3D numerical simulation of the convection heat transfer in Hele-
Shaw cells may reveal some detailed physics of heat transfer in porous media
that are impossible to tackle due to the randomness and the complexity of the
microscopic solid geometry.
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2.6.1 Steady Flows Past a Circular Cylinder in a Hele-Shaw Cell

For a steady flow past a circular cylinder (disc) in a Hele-Shaw cell, the 3D
continuity and Navier-Stokes equations, normalized by using the mean velo-
city Un, far away from the cylinder as velocity scale and the cylinder radius
R (= D/2 where D is the diameter of the cylinder) as length scale, subjected
to the nonslip boundary condition given in Eq. (2.73) and the steady flow
boundary condition at far away (r = r«,) as given by

1 22
u=15x 1—Tcos 20 | x 1_ﬁ (2.82a)
o0
1 . 72
v=-15x —-sin 20 x |1 — 7 (2.82b)
rOO
w=0 (2.82¢0)

were solved numerically by Kwan and Hsu [61] using the DNS method.
Figure 2.12 shows the numerical results of the normalized wall shear stress
Ty (local friction coefficient) when H/R = 0.02 and Rep = U,D/v = 100.
As a consequence of flow symmetry, the shear stress is symmetrical with
respect to the x-axis, and antisymmetrical with respect to the y-axis. Far
away from the cylinder, the computed stress is basically in the primary flow

-5 ||||\|||||||||||_:|||J..J|||||||||||||||||||||||||_|.||||

-5 4 -3 2 -1 0 1 2 3 4 5
X

FIGURE 2.12

Direction and magnitude of normalized shear stress 7y, on the bottom wall of a Hele-Shaw cell.
Arrows: direction; Curves and numbers: equal shear stress lines and magnitude. Max = 5.496
(at = 90° and 270°), Min = 0.030 near stagnation points (¢ = 0° and 180°).
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FIGURE 2.13
Comparison of the negative averaged circumferential velocity —iig at the front of the cylinder.

direction and agrees with the Poiseuille solution for laminar channel flow
Twa/pUZ, = 3/Rey where Reyy = UyH/v = [Rep(H/R)?]/(2H/R) = 1. Near
the cylinder, the shear stress changes due to redirection of the flow. At the
front and rear stagnation points (6 = 180° and 0°), the velocity drops to zero
and lowest shear stress is located at the stagnation point. On the other hand,
at the upper and lower points (¢ = 90° and 270°), the flow converges to a
higher velocity near the cylinder surface and creates the highest shear stress.

To demonstrate the behavior of the Brinkman boundary layer, the aver-
aged circumferential velocity (—iy) at different 6 is plotted in Figure 2.13.
Figure 2.13 also illustrates the development of the boundary layer on the peri-
pheral of the cylinder. With the flow symmetry, only the profiles on the upper
side of the cylinder front face (90° < 6 < 180°) are shown in Figure 2.13. In the
figure, when the fluid travels from the front stagnation point (¢ = 180°) to the
upper tip (6 = 90°) of the cylinder, the velocity increases but the bound-
ary layer thickness is maintained at approximately r ~ 1.05. Hence, the
present study confirms that the Brinkman boundary layer thickness along
the peripheral is nearly constant, at the order of 2.5H.

2.6.2 Oscillating Flows Past a Heated Circular Cylinder
in a Hele-Shaw Cell

Here we consider the case when Hy « H which corresponds to the limit
case of ¢ — 1. Under this condition, the temperature in the solid can
be approximated by its value at the solid—fluid interface and no heat flux
condition 8Ts/dz = 0 can be applied directly at the wall of the Hele-Shaw
cell. The far away boundary condition of the oscillating flow is given by
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the fully developed oscillating flow. Hence, us = (1ic0,0,0) where 1o =
%[uc(z, t) + c.c.] with uc(z,t) being a complex function and c.c. represents
the complex conjugate. The analytical expression for u.(z,t) can easily be
found as:

ez f) = [1 3 exp(VB(1 + 1).2) +exp(—/B(1 + ?)z)] exp (ilt) (2.83)
exp(v/B(1 + 1) + exp(—/B(1 + 1)) KC

where B=(n/4)(H/R)?Rep/KC and i=+/—1 is the imaginary. The
Keulegan—Carpenter (KC) number is defined by KC = 27 A/D where A is
the displacement amplitude of fluid oscillation.

The results of the 3D oscillating flows in Hele-Shaw cell were obtained
numerically by Kwan and Hsu [62]. Figure 2.14 shows the evolution of the
z-vorticity (w;) in half cycle of oscillation, for the case of Rep = 3200, KC = 3,

Rep=3200, KC=3, H/R=0.1, Pr=0.7 and R,/R=50

¥ v

wt="1/5+2nn wt=27/5+2nn

wt=371/5+2nn wt=4n/5+2nn

v

,FH

wt=n+21n

FIGURE 2.14

Variation of the z-vorticity (w;) field in a 3D view during the half cycle of oscillation when
Rep = 3200, KC = 3, and H/R = 0.1. The gray scales show the equal surfaces of vorticity
generated at different cycle of oscillations. Note that vorticity is anti-symmetric with x-axis.
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and H/R = 0.1. It is interesting to see that the flow separates periodically
from the cylinder, even though the vorticity generated from flow separation
does not shed from the cylinder. The occurrence of periodic flow separations
also implies that the convective heat transfer in Hele-Shaw cell is confined
to the narrow band in the wakes behind the cylinder. This is illustrated in
Figure 2.15 which shows the variation during the half cycle of the temperature

Temperature field at z=0 in 1/2 cycle (difference between contours =0.05)

3k 3F
2F 2F
~ OF \ > 0F
M < A
2k 2F
3F -3r
4 3 2 9 0 1 2 3 4 4 3200 1 2 3 4
wt= 7:/); +2nn ot= 2n)/65 +2nn
3F 3L
2F 2F
1F - 1F
o of ( ol
-1F : -1F
2F 2F
3F 3F
45 2 0 0 1 23 4 432 a0 1 2 3 4
wt= 371);5 +2nn wt= 471)/65 +2nn
3k
2k
o =y
=~ 0F
1k 5
2F
3k
43 2 T 0 1 2 3 4
wt:1f+27m
FIGURE 2.15

Distributions of isothermal lines on the mid-plane of the Hele-Shaw cell during the half cycle of
flow oscillation, for the case of Rep = 3200, KC = 3, and H/R = 0.1.
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FIGURE 2.16

Time variations of heat transfer from the heated circular cylinder in Hele-Shaw cell for different
Reynolds numbers, with fixed KC = 3 and H/R = 0.1. Solid line: Rep = 1000; Dotted line:
Rep = 3200; Dashed-dotted line: Rep = 6500. Note the amplification of the heat transfer as Rep
increases. The phase angles referenced to the free stream oscillation also change as Rep increases.

distribution on the mid-plane of the Hele-Shaw cell. The convection heat
transfer dominated by the periodic flow separation process is shown clearly
in Figure 2.15. The variation of the total heat transfer from the heated circular
cylinder as enhanced by the flow oscillations are shown in Figure 2.16 for dif-
ferent Reynolds numbers at Rep = 1,000, 32,000, and 6,500, with the Prandtl
number fixed at Pr = 0.7 for air. Here, KC and H/R are also fixed at KC = 3
and H/R = 0.1. The increase in Reynolds number has greatly enhanced the
heat transfer not only in overall mean value, but also the amplitude of oscil-
latory heat transfer (regeneration process). Interestingly, the phase of the
oscillatory heat transfer shifts continuously as the Reynolds number increases.

2.7 Concluding Remarks

In this chapter, the macroscopic equations that govern the convective heat
transfer in porous media are rigorously derived through the volumetric aver-
aging procedure on the microscopic equations over a REV. The average
procedure leads to the closure problem where the dispersion, the inter-
facial tortuosity, and the interfacial transfer become the new unknowns.
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The dynamic closure models with relation to closing the equation system
are composed by combining the earlier works by the author and others
for the dispersion, tortuosity, and the interfacial transfer. The equation
system plus proper boundary conditions then can be solved either analyt-
ically or numerically to predict the convective heat transfer in the porous
media. However, there exist several coefficients in the closure relations
that have to be determined experimentally (or numerically) a priori. Exper-
iments conducted earlier for the determination of these coefficients were
reviewed. These experimental results had basically confirmed the validity
of the closure relations; however, they were insufficient. This leads to the
conclusion that more experiments are needed for the determination of these
coefficients.

It is noted that the momentum closure relation for the interfacial force
as obtained by Hsu [52] contains all the components due to drag, lift,
and transient inertia to the first-order approximation. The relative import-
ance of these force components depend then on the ranges of Reynolds
number and timescale involved in the process. Therefore, the macroscopic
momentum equation is expected to be valid for all ranges of timescale
and Reynolds number. This to some extent has clarified the recent debate
on the validity as well as the limitations of the Brinkman-Forchheimer-
extended Darcy equation [63, 64]. On the other hand, the closure relations
for interfacial heat transfer as obtained by Hsu [52] were derived under the
assumption of steady flows. Further investigations are needed to assess the
suitability of such interfacial heat transfer model, particularly for unsteady
flows.

In this chapter, flows and heat transfer in Hele-Shaw cells in analog to
the convection heat transfer in porous media are explored in detail. In fact,
the Hele-Shaw cells represent one category of the simplified porous structure.
Although the averaged equations for Hele-Shaw flows bear great resemblance
to the macroscopic equations for flows in porous media, several features such
as form drag and thermal tortuosity are missing in the Hele-Shaw flow model.
Nevertheless, the simplified Hele-Shaw model provides a viable way for the
verification of the dynamic model through a DNS of the 3D flows in Hele-
Shaw cells. The numerical results presented in this chapter as obtained from
the DNS simulation of the 3D Hele-Shaw flows have shed light on a more
complete understanding of the flows and heat transfer in porous media. The
complexity of such flows and heat transfer remains a great challenge for the
years to come.
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Dispersion is a well-known phenomenon in porous media primarily for heat
and mass transfer. Like viscosity in momentum transfer, heat conductivity in
heat transfer, and diffusion coefficient in mass transfer, dispersion coefficient
is a property valid only under continuum assumptions. Dispersion causes
fluid (velocity, molecules, and temperature) to distribute evenly, which is
directly analogous to mass diffusion (Fickian diffusion) and viscous stress.
Fickian diffusion causes molecules to distribute evenly, whereas viscous stress
causes flow velocity to be distributed evenly. However, dispersion is caused
due to the fluctuations of bulk flow, whereas diffusion is caused due to
random molecular motion.
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© 2005 by Taylor & Francis Group, LLC



82 Shijie Liu and Jacob H. Masliyah

3.1 Definition of Dispersion

To help us better understand dispersion, let us first examine the concept
of diffusion. For the first instance, let us restrict ourselves to the transport
of molecules. Diffusion is the spreading of “tracer molecules” among a
“continuum of molecules.” Two ingredients must coexist for diffusion to
occur: concentration gradient (“tracer molecules” are not evenly distributed)
and random motion (all the molecules are moving about in relative posi-
tions). If there is no concentration gradient, diffusion loses meaning as there
is no measure for the spreading (or the change of degree of mixedness) of
the molecules. If the molecules remain steadily motionless relative to each
other, spreading or mixing will not occur. Diffusion is a term reserved for the
spreading or mixing in the molecular level, where the motion is random (or
Brownian in fluids). To certain extent, dispersion is “identical” to diffusion.
However, dispersion is a more general term but occurs when macroscopic
motion (or flow) exists. In other words, dispersion is always associated with
flow. Either there is a velocity fluctuation (or distribution) or there is flow
stream splitting and rejoining along the path of the flow, it will cause disper-
sion to occur if a gradient exists. Dispersion is “convection” (or flow) induced
spreading or mixing.

Dispersion occurs when convection exists. A well-known example is shown
by Taylor [1], where the coupling of diffusion and velocity variation pro-
duces dispersion. Referring to Figure 3.1, when a pulse of tracer substance
is injected into a smooth circular pipe within which fully developed laminar
flow occurs, the concentration of the tracer will change from a near plug at the
feeding point to a Gaussian distribution at a downstream observation loca-
tion. This phenomenon can be exactly captured by convection and diffusion,

Solute Solute
pulse injection detection
f
Steady X
solvent
flow

FIGURE 3.1
Taylor dispersion experiment set-up.
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or mass transport, equation. For fully developed laminar flow in a circular
pipe with a constant tracer diffusivity Da, the mass transport equation is
given by

act 2\ 9c* 92c%  19ck  9%c*
A+2u(1—r—) A—DA<—A+——A+—A =0 (3.1)

ot R?2 | ox ar? r or 9x2

where ¢} is the concentration of the tracer substance; t is time; U is the average
discharge velocity in the pipe;  is the radial coordinate; R is the radius of the
pipe; and x is the axial (longitudinal) coordinate. Equation (3.1) contains no
dispersion term, only a diffusion term. The velocity distribution is accounted
for by the parabolic velocity profile embedded in Eq. (3.1). If we were to
simplify the equation by averaging out the radial variation, that is, using a
constant velocity for the convection term, and averaging the concentration
on the pipe cross-section or in the lateral (or radial) direction, then

dc dc ¥%c
SR H USSR DA +K) S +DaFelca —ca) =0 (3.2)
ot dx ox

where cy is the cross-sectional averaged concentration, cpo = (2 /R?) fOR rcy dr;
Cas is the tracer concentration on the pipe wall; the parameter K| is termed as
the longitudinal dispersion coefficient; and DaF. is the mass transfer coeffi-
cient. In so doing, we have effectively reduced the two-dimensional problem
to a one-dimensional problem. The parameter F. (or the product D F. term)
accounts for the interaction between the pipe wall (solid) and the fluid. In
most cases, the pipe wall is smooth (no immobile fluid being trapped that
is in contact with the flowing fluid in the pipe), impermeable and not tracer
releasing, the whole mass transfer term (or the solid—fluid interaction term)
is zero. The longitudinal dispersion coefficient K is used to account for the
additional effects due to the original velocity variation in the radial direction.
The value of K| can be determined by matching the solutions of Eq. (3.2)
and (3.1), with the same boundary and initial conditions.

Since there is only one pulse of tracer injected into the pipe for the Taylor
experiment, one can follow the movement of the isolated pulse downstream.
Let z = x — Ut, then Eq. (3.2) is reduced to

aca 9%c A
— =Kr— 3.3

ot 922 33
where Kt = Da (1 + K))) is the Taylor dispersion coefficient. By matching the
solutions of Egs. (3.3) and (3.1), Aris [2] has shown that the Taylor dispersion
coefficient is given by

R2U?

4
18D, (3.4)

Kt =Dxa +
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Taylor’s work [1] has been extended by Aris [2] to other straight ducts of
different shapes as well.

On comparing Eq. (3.3) with Eq. (3.1), one can infer the distinctiveadvantage
of averaging. Equation (3.3) is much easier to solve than Eq. (3.1). How-
ever, as a result of averaging, we loose the ability to examine the radial
variations. Owing to the averaging, additional closure parameters appear
and these parameters bear physical meaning as well. Based on Egs. (3.2)
and (3.3), one can infer that dispersion is identical to diffusion, at least math-
ematically. Taylor dispersion shows that the coupling of diffusion and flow
(or convection) can produce dispersion.

Dispersion occurs not only in mass transport (tracer dispersion), but in
heat (thermal dispersion) and momentum (viscous dispersion) transports as
well. Dispersion can be termed as flow-induced diffusion for mass transport,
effective viscous dissipation for momentum transport, and effective thermal
diffusion for heat transport. Because dispersion is an effective phenomenon
occurring on a higher continuum level, where the velocity distributions or
fluctuations on the continuum level of fluid are averaged out, averaging plays
an important role in the study of dispersion. For porous media, the continuum
approach by default involves the averaging above the continuum level of the
fluid saturating the medium. Therefore, dispersion is always associated with
porous media.

Dispersion can be caused by flow and geometrical obstruction as well. Even
if the velocity variation and diffusion were absent at the level of fluid con-
tinuum (truly inviscid flow), the porous matrix would cause constant splitting
and rejoining of the flow streams and thus create spreading (or dispersion)
along the path of fluid traversing when the porous medium is being treated at
continuum level. Figure 3.2 shows a sketch of such an example. In Figure 3.2,

VI

/
\ \/

o e e T
L P

More layers of disturbance in flow path

' ' ' ' ' '

FIGURE 3.2
Flow and geometrical obstacle resulted dispersion.
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the length of arrow represents the magnitude of the property (e.g., tracer
concentration or temperature) under concern. Because of the splitting and
rejoining of the streams, the property under concern gets mixed along the
flow path and eventually resulted in an even distribution. This would occur
in the absence of velocity distribution. However, owing to the presence of
solid surfaces, the flow velocity distribution exists (zero on the solid wall).
Therefore, dispersion is always part of flow in porous media.

3.2 Volume Averaging

A porous medium is a medium that is partially filled with solid material,
which is interconnected and immobile. The portion of space that is not occu-
pied by the solid material is also mostly interconnected. The solid material is
normally called the solid matrix and the nonsolid portion is called pores or
voids. Owing to the very complex and unknown nature of the geometry of a
porous medium, the analysis of transport phenomena in porous media is dif-
ficult. It is for this reason that some averaging procedures have to be adopted
in the analysis of fluid flow, heat, and mass transfer. The volume averaging
concept of use today can be traced back to the continuum concept of fluid.
A possible approach for the study of fluid flow is to utilize the stochastic
motion of the individual molecules of the fluid. In this approach, if one pos-
sesses a velocity probe whose size is smaller than or at most of comparable
size to the dimension of the molecules, then at a given location in the flow
field the measured or the “sensed point” velocity will fluctuate with time. The
measured point velocity can take the variation as presented in Figure 3.3. The
“sensed point” velocity can be taken to represent the individual motion of

T A YL
0T

Sensed point velocity

Time

FIGURE 3.3
Local velocity readings with a probe of submolecular size.
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the molecules. Here the size of the “point” is of a scale smaller than the size
of the molecules themselves. Although the approach at this molecular scale
is fundamental in its formulation, it is impractical in its application. This is
simply due to the fact that the number of molecules in a gas or a liquid is
so overwhelmingly large that it is not possible to accommodate such a large
number of multibody interactions.

Similar to the case of a “point” velocity, other point fluid properties such
as density and composition will also violently vary with time where the fluid
at the molecular level is considered as being nonhomogeneous. However, in
most instances, we are interested in the flow behavior on a larger scale, that is,
on a macroscopic scale which is several orders of magnitude larger than the
molecular dimension or the intermolecular distance. The macroscopic scale
for the study of fluids and their motion implies that the physical quantities
such as density, specific heat, and velocity associated with the matter con-
tained within the macroscopic volume are regarded as being averaged out
over the volume. Here, the macroscopic volume becomes the “point” within
the fluid under consideration. Physically, the macroscopic volume can be very
small, say of O(10% nm?). Even at this small scale, the number of molecules it
contains is very large. For the case of a gas under atmospheric pressure and
room temperature, such a volume contains a large number of molecules of
the order of 10%. As a consequence of this sweeping physical model, namely
the continuum hypothesis, it becomes very convenient to study fluid motion.
Due to the introduction of the continuum hypothesis, quantities such as fluid
density, viscosity, thermal and electrical conductivities, and mass diffusiv-
ity are derived. These averaged quantities are essential in describing a fluid
continuum. Here, the averaging is taken over the macroscopic volume that
contains a large number of fluid molecules.

Mass conservation, momentum, and energy balance equations were
developed to describe fluid motion using the continuum hypothesis. Experi-
ence has shown that the continuum hypothesis is valid under most conditions.
Naturally, we would expect it to break down under a situation, where say, the
free molecular path is of the same order of the magnitude as the flow channel
dimension.

Fluid flow in porous media can be studied by solving the already developed
flow equations for a continuous fluid. A difficulty arises in that the governing
equations must be solved subject to the prevailing boundary conditions, for
example, no-slip conditions at the solid surface of the porous medium matrix
in contact with the flowing fluid. As the geometry of the porous medium
channels is extremely complex and by-and-large not known, the situation
becomes exceedingly difficult to obtain a flow solution even with the use of
today’s super-computers.

The approach outlined above will, of course, provide the local or the point
fluid velocity on the continuum fluid scale. However, if one is willing to
consider once again a continuum hypothesis, albeit on a much larger mac-
roscopic scale whereby averaging is taken over a large enough volume that
would embrace many pores and surfaces, then the second-order continuum
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hypothesis will provide a description of the fluid motion in a porous medium
in an “average sense.” Here, with this approach, one cannot provide the velo-
city profile between say two solid grains within the porous medium, however,
the fluid velocity is provided on an averaged sense. While for the continuum
hypothesis for a fluid, the macroscopic scale was very small, say O(10?) of the
molecular dimension, the macroscopic scale as applied to the porous medium
continuum hypothesis must also be, say O(10) of the pore dimension.

Averaging techniques are not unique either, all of which require certain
closures. Notably, there are two main classes of averaging techniques,
namely, ensemble averaging and volume averaging. While the ensemble
average starts with one fixed particle in the space and collects the influ-
ences from the surrounding particles, that is, cluster of particles [3-14],
the volume average starts with the continuum equations for a single phase
[15-54]. Since the ensemble averaging technique is primarily for dispersed
flow, only the volume average technique shall be discussed here. When-
ever possible, mathematical rigorousness will be maintained. However,
for practical applicability and simplicity, phenomenological approach on
closures will precede mathematical extreme. Empirical parameters will
be allowed to account for the unknown nature of porous structures. For
more rigorous approaches on volume averaging, the reader is referred to, for
example, Ref. [20].

Similar to the “mathematical point” concept in fluid continuum hypothesis,
the Representative Elementary Volume, REV, concept was implicitly used by
various authors such as Whitaker [15] and Slattery [22] and was formalized
by Bear [24] for studies of transport in porous media. An REV is a concep-
tual space unit, which is the minimum volume that can be located anywhere
inside the porous medium within which measurable characteristics of the
porous medium become continuum quantities. An REV can be regarded as
a macroscopic unit consisting of a large sum of microstructures. The sketch
of an REV is shown in Figure 3.4 for an unconsolidated porous medium (or
solid particle packs).

To help us understand the concept of the REV, we shall now go back to the
continuum treatment of fluids. When the motion of fluids or physical proper-
ties of a fluid is to be deduced, one often assumes an infinitesimal volume or
a “point” size. For example, the fluid density at a given local position is the
ratio of fluid mass over the volume when the volume approaches the volume
of the assumed point with its centroid at the local position of concern. How-
ever, no one really cares what the size of the point is quantitatively. The fluid
density is given as

Am
Py= 1 — 3.5
p(P) AVIEIVP AV (3.5)

The characteristic volume Vp is called the physical point (or material point) of

the fluid at the mathematical point P. The concept of the mathematical point is
identical to an REV. When the volume of consideration is smaller than Vp, the
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FIGURE 3.4
Planar section schematic of an REV.

continuum concept breaks down. We plotted the fluid mass over the volume
of sampling in Figure 3.5, where ® = p. The molecules are assumed to be
uniformly placed in space. When the sampling volume is very small as it is
suggested by the term infinitesimal used routinely in this connection in fluid
mechanics texts, the fluid mass over volume ratio becomes undefined. When
the sampling volume is at least of Vp, we obtain a fictitious smooth medium
(instead of the molecules). Unlike the porous medium in which the solid
matrix is immobile, the concept of fluid is also associated with time average
as well since the molecules are moving about at any given instant even though
the overall behavior is at a thermodynamic equilibrium. The time average is
also to be implied for suspension systems where the exact location of a given
particle is not to be tracked.

Knudsen [54] defines a dimensionless number, which is now known as the
Knudsen number to test the validity of fluid continua

_Adp

Kn =
p 0l

(3.6)

where 1 is the mean free path of the fluid molecules and [ is the minimum lin-
ear dimension of the system. When Kn < 0.01, the fluid can be considered as
in continuum. When K# is of order unity, the fluid exhibits slip-flow near a wall
and when Kn is greater than unity, we have what is known as the Knudsen flow.

In addition, when the molecules are large (macromolecules or polymers) and
the dimension between the confining walls is small, the continuum concept
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FIGURE 3.5
Variation of a physical property ® in a porous medium with a volume V.

also breaks down. Under this circumstance, slip-flow can occur, for example,
flow of polymers in an ultra-fine capillary tube.

For porous media, the situation is slightly different. Since the solid matrix
is immobile, the extent of error is reduced as compared with a fluid when
continuum is imposed for systems near the border line of continua. The fact
that the solid matrix is immobile and is rigid or can sustain pressure and
stresses also makes a “point” in porous media different from the mathematical
“point” in a pure fluid. The overall pressure and stresses for the fluid and solid
matrix mixture are meaningless. However, the pressure and stresses for a fluid
phase at a given point are still valid measures as long as that, within an REV,
the void space is interconnected and there is no barrier to prevent the filling
fluid from moving around.

For a porous medium system, one can refer to Figure 3.5 as well. The
abscissa or sampling volume is of linear scale in the order of the grain
size. The ordinate ® can be any measurable physical property in a volume
average sense, for example, the porosity. When the volume space is very
small, the value of ® is not defined, that is, & can assume any value depend-
ing on the location under consideration. As the sampling volume increases,
® changes “periodically” for an orderly system and is randomly fluctuat-
ing for a random system. The amplitude of the oscillation decreases with
increasing sampling volume. The volume of an REV is defined for such a
sampling volume so that the amplitude of the oscillation is lower than certain
acceptable degree when the sampling volume is further increased.

Figure 3.4 shows a special case of single fluid saturated medium. When
multiple fluid phases each partially fill the open pores of a porous medium,
more interfaces can be identified. In other words, interfaces between
individual fluids will also enter into play.
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In a multi-fluid system, the volume fraction, &;, of fluid i is defined as

V; V;
= — =fg— 3.7
& v e V. 3.7)

where V is the total volume of an REV, V; is the volume occupied by fluid i,
and V,, is the total open pore space in the REV. The porosity of the porous
medium is a summation of the partial porosities, that is,

Z gi=¢ (3.8

The intrinsic phase average of a quantity, ®;, is the average value of a quantity
in terms of the partial volume of the phase (fluid) itself, that is,

1 k
b, = 71 /Vi o7 dV; 3.9

where ®* is the local (microscopic) quantity. The deviation of a quantity, ®;,
is the difference between the local value and the intrinsic phase average value
of that quantity,

Bj = B} — Oy (3.10)
Here ®; can be a scalar or a vector.

The volume average of a quantity for a fluid phase, ®;, is the average taken
over the entire REV

1
It can be shown that
1 ok 1 A
— | V'O *dV =¢ev,®, + — | vOdV 3.12)
Vv V /]y

Therefore, when products are to be volume averaged, the resultants are not
just direct products of their respective volume averages.

The relation between the volume average value and the intrinsic phase
average values depends on the physical quantity itself. For the flow velocity,
it is given by

Vi = &V (3.13)
However, for fluid density, pressure, viscosity, and concentration of a com-

ponent, the strict definition by Eq. (3.13) loses its meaning. In other words,
v; is not to be generalized by ®; in Eq. (3.13). As Liu et al. [51] and Liu and
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Masliyah [55] pointed out, the average pressure must take into account the
fact that the pressure inside the immobile solid material is not defined and is
also irrelevant to the flow system. The solid matrix can sustain pressure and
stresses. The fluids, on the other hand, will transmit the pressure and stresses
to adjacent fluid elements or the solid matrix. When a stress is applied, the
fluid will respond by flow and the solid matrix will deform according to its
rigidity. When the solid matrix is rigid, immobile, and not supported by the
fluid, it will not share the load with the saturated fluid. It is then logical to
define an average pressure in a fluid phase by

Pi = Pei (3.14)

Equation (3.14) can be understood by considering the limiting case of no
flow (static condition). Figure 3.6 shows a sketch of a fluid—solid system.
When the solids are immobile and not supported by the fluid, the pressure
due to a single fluid saturated medium at the bottom can be evaluated by the
top pressure and the height between the bottom and the top, i, by

Pb = pa+ pigh (3.15)

where pf is the density of the fluid.

The total pressure is the same as the fluid pressure. In other words, the
presence of the solids does not alter the pressure of the fluid system when the
solids are connected and not suspended in the fluid phase as long as the fluid
height is maintained the same. Referring to Figure 3.6, when the solid matrix
is immobile, that is, not supported by the fluid,

(Ap)t = (Ap)T = pp — Pa = pigh (3.16)

where (Ap)¢ denotes the pressure difference contributed by the fluid phase
to the total (or overall) pressure difference (Ap)t. Hence, Eq. (3.14) applies.

Pa — ——

o

FIGURE 3.6
Evaluation of static pressure for fluid—solid systems.
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However, when the solids are mobile, or in other words, the solids are
suspended in the fluid. The solid phase is just like another fluid phase in the
mixture, and the total pressure at the bottom becomes

Pb = Pa + [pge + ps(1 — &)1gh (3.17)

where ps is the density of the suspended solids.
Equation (3.17) can also be interpreted as

(ApP)T = Pb — Pa = (Ap)t + (Ap)s (3.18a)

where (Ap)s is the part of the pressure difference due to the presence of the
mobile solid phase. The contributions of the pressure difference can be readily
split based on the density of the individual phases as

(Ap)¢ = e(psgh) (3.18b)
(Ap)s = (1 —€)(psgh) (3.18¢)

Equation (3.18) implies that Eq. (3.13) is applicable for the pressure. When
solids are suspended in the fluid phase(s), the collection of the solids is to be
regarded as a “fluid phase” that is dispersed and hence similar treatments
to a fluid phase are assumed. It is clear that the discontinuous nature of the
“phase” needs to be accounted for when such a system is under consideration.

The relation, Eq. (3.14), is also used for the definition of the volume aver-
aged pressure. It simply ignores the existence of the solid matrix since the
pressure is not associated with the solid blockage that is not supported by
the fluid as long as the fluid phase is connected. It should be noted that for
an immiscible multiphase flow system, a finite pressure jump, like the flow
velocities in different phases, is allowed between phases. As for the fluid vis-
cosity, the same rule as that given by Eq. (3.14) can be used. For fluid density
and concentration, the same rule as that given for velocity applies except that
the intrinsic average should be used at all times since the volume averaged
quantities lose their meaning.

On the other hand, the temperature is a different quantity. It is defined and
it does not necessarily have to assume a fixed value (as that in a fluid phase)
inside the solid material. Thermal energy can traverse through fluids as well
as solids. Furthermore, when multiple fluid phases contact each other, a tem-
perature jump between phases is less likely to occur. The same phenomenon
may hold true for the concentration in a fixed bed reactor. In some situations,
the continuity in the fluid and solid may allow for a single energy equation.
Hence, the energy equation should be treated differently from the governing
fluid flow (and mass transfer) equations.

It should be noted that the flow velocity is preferred in terms of a volume
averaged value (superficial) in the governing equations since the aver-
age flow rate should remain continuous. The pressure and concentration
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should be used in terms of their intrinsic values since no sudden increase
in these quantities are allowed in one phase. For example, considering a free
space—porous medium interface, the volume averaged flow velocity is expec-
ted to be continuous, that is, the flow in and out of the interface are equal. The
pressure, electrical potential, and concentration in a phase must be continuous
irrespective of the free space-porous medium interface.

3.3 Volume Averaging of Transport Equation and Closures for
Isotropic Porous Media

The transport equation in a fluid phase can be represented by

9P’
o TV I = Sa (3.19)
with the flux J7 being given by
Jz* = V;kq);k — Df,Vcbjf (3.20)

where Dy; is the diffusivity, ®; stands for the velocity field, concentration, and
absolute temperature, and Sg; is the source term of the transport equation.
For the momentum transfer, S¢; = Vp;/p; and for mass and heat transfer
equations, S¢; = 0 if no reaction occurs. When heat transfer is considered, we
neglected the viscous dissipation besides assuming that the fluid properties
remain constant. For the momentum equation, Dy; is to be replaced by the
kinematic viscosity, D¢; = ui/p;. For heat transfer equation, the term Dy; is
to be replaced by the thermal diffusivity, Dy; = k;/pjcpi. For mass transfer
(tracer displacement) equation, the diffusivity is given by Dy; = D;, that is,
the molecular diffusivity of the species.

For incompressible fluids with a constant diffusivity, the flux term in
Eq. (3.19) can also be written as

V.Jf =V} Vo — DV or (3.21)

Consider the volume average of Eq. (3.19) for incompressible flow in a
porous medium of a nonconductive and nonsurface active solid matrix, which
gives

oD,
& a:l +V-Ji=Sai (3.22)
1 1
V.Ji= V,/ V. Jrdv = V/ V- (vi®] — D Ve[)dV
74 14
1
-5 / (V7 — DV o) - n; dS (3.23)
Si
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where S; is the surface enclosing the ith fluid phase inside the REV and n;
is normal to the surface S; pointing out of the ith fluid phase. It should be
noted that,

1

~v Vol -n;dS =V (vi®) + O(Siz) (3.24)
S
1 .
= Df,'VCD;-k -n;dS = il D¢iV®,i-n;dS + O(Sl-z)
Vs, Vs,
= —7ieiD V> D + O(e7) (3.25)

While Eq. (3.24) is straightforward as illustrated by Eq. (3.12), Eq. (3.25) needs
further clarification. Inside the porous medium, transport does not occur
directly from point to point on the shortest distance. Because of the solid
matrix blockage, the transport passage is curved resulting in a longer path
than the point to point straight line distance. The ratio of the straight line
distance to the curved path length between the two points is termed tortuosity
and is denoted by 7. Thus, the apparent gradient in Eq. (3.25) is reduced and a
factor of 7 is accessed to the overall gradient. Further clarification can be found
in Section 3.4. Equations (3.24) and (3.25) are served as guidance to the closure
of volume averaging. Higher order terms are not neglected completely and
will be incorporated into closure parameters. Based on Egs. (3.24) and (3.25),
Eq. (3.23) can be reduced to

V.Ji=v;- Vb, — tieiniVZCng +1I; + OL; (3.26)
where
1 A
II; = v /; (Vi ®F — v ®ei — D V) - n; dS (3.27)
1
Ol = v ; (Vi ®F — v Py — D VOY) - n; dS (3.28)
i~

here S;_; is the part of S; with ith fluid to ith fluid contact and S;_g is the
surface where fluid i is contacting other phases and solid matrix.

Closures are necessary in evaluating and expressing the results of the sur-
face integrals: II; and OI;. It is understood that the interaction of fluid i with
fluid i leads to a phenomenon similar to diffusion. Thus phenomenologically,

1 n
II; = V/ (Vi @} — Vi@ — D V) - n;dS = ;V - (DK - VO, ) (3.29)
Si—i

The closure model in Eq. (3.29) has been widely used and perceived in deal-
ing with fluid flow at turbulent conditions. For example, the term “eddy
diffusivity” has been widely used although the fluctuations in turbulent flow
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are usually assumed to be temporal. For transport in porous media, a more
general term, dispersion coefficient tensor, K;, is used.

The closure for evaluating the interactions of the i-fluid phase with other
phases and solid matrix can be given phenomenologically as

1
Ol = / (Vi ®F — Ve — D VP}) - m; dS
i—0

= ZFij((DSi — ®¢j) + DyiFsi(Pgi — Psi) (3.30)
j

where Fg; is the surface interaction coefficient of fluid i (at the solid—fluid or
flow-stagnant fluid interface), F;; is the interface interaction coefficient for
fluid j to fluid i and ®; is the average value of ®} at the ith fluid and solid
matrix (or stagnant fluid) interface. The closure model, Eq. (3.30), is in direct
analogy to mass transfer and heat transfer across interfaces (see transport
phenomena texts, e.g. [56—60]). Transfers across interface occurs if there exists
a driving force, ®.; — &, # 0.

Discrepancies can be found in earlier versions of the volume averaged
equations where the fluid—solid interaction term in Eq. (3.30) has been recog-
nized for the flow of fluid only and the dispersion term, Eq. (3.29), has been
recognized for heat and mass transports only. It should be realized that all the
terms in Eq. (3.26) have a pronounced effect on the fluid flow, thatis, ® = v,
when the flow is strong. However, when the transport of mass or heat is of
concern, the cross-phase interaction OI; may be small since the concentration
and temperature at the fluid—solid or flow—stagnant fluid interface can nor-
mally be assumed to be equal to that in the main flow stream if there is no
significant amount of dead-end pores in the porous medium. Hence, for mass
or heat equations, on can set

Dyi = Dy (3.31)

for simplicity. When the porous medium has a significant amount of dead-end
pores, the flow—stagnant fluid interactions may become significant.

Further modeling is necessary in evaluating the dispersion coefficients and
interaction coefficients for fluid flow, mass, and heat transports.

3.4 Tortuosity and Measurements

Tortuosity is a useful property of porous media. In the previous section, the
tortuosity is introduced to the volume averaged transport equations in porous
media through closure model, Eq. (3.25). Referring to Figure 3.7, one can draw
an analogy of the passages or voids in a porous medium with a model curved
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FIGURE 3.7
A curved passage.
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FIGURE 3.8
Relationship of diffusive fluxes in the microscopic space and in the macroscopic space.

passage. In deriving at Eq. (3.25), the tortuosity is defined as

_dx

The tortuosity is introduced into the volume averaged equation through the
diffusive flux term as illustrated in Figure 3.8:

dD* b, b
- — 3.33
ax t 0x + ox ( )

In this section, two additional transport processes: electrical conduction and
wave propagation, will be discussed in light of the tortuosity measurements.
In addition, the porous media are saturated with a single fluid. For these pro-
cesses, we shall restrict ourselves in the linear regimes (i.e., linear flux—force
relationships) and focus on the tortuosity relationships. The equations will be
equally applicable if the system is a suspension rather than a porous medium.
For example, in an electrical resistivity logging, the fluid movement is very
weak and there is no induced particle movement for a suspension. In the case
of a small amplitude wave propagation, the solid particles will not respond
to the vibration and thus the displacement in solid matrix is negligible.
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3.4.1 Volume Averaging of Electrical Conduction Equation

The electrical current density, i, through an ionic solution is governed by

i* =ev* ;zin;“ —e ; DiziVn;k — Z;CBT i l Vy* (3.34)

V-i*=0 (3.35)

where i is the electric current density; e is the elementary charge of an electron,
e = 1.602 x 10717 C; z; is the valency of the ith ionic species; 7; is the ith ionic
species number concentration; D; is the diffusivity of the ith ionic species;
kg is the Boltzmann constant, kg = 1.3806 x 10~23 J/K; and v is the electric
potential.

When the solution is electrically neutral and neither the solid matrix nor
the containing wall is charged, we have

Z nizi =0 (3.36)

When the solution is homogeneous throughout the system, there is no
concentration gradient. That is,

Vn; =0 (3.37)

It should be noted that Eqgs. (3.36) and (3.37) hold only under strict con-
ditions in a porous medium. Equation (3.37) specifies that the fluid is
homogeneous everywhere in the domain of concern. Equation (3.36) is a con-
tinuum equation in the microscopic space when a porous medium is present.
If the porous medium is charged or conductive, it will cause the ionic species
to distribute nonuniformly in the microscopic level and thus Eq. (3.36) will
not apply. Equation (3.36) holds only if the counter ionic species are equally
distributed at every “point” in the domain.

Substituting Eqgs. (3.36) and (3.37) into Eq. (3.34), one obtains

2
Diz
it = — ZIQBTI i vyt (3.38)

Equation (3.38) is termed Ohm’s law and is normally expressed as
i" = -0y Vy* = —Vy*/R}, (3.39)

where oy, is the electric conductivity and Ry is the electric resistivity of the
pure fluid. They are defined as

1 e ZIDZ n’
=— = 3.4
WERL T kT (340
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Equation (3.39) describes the conduction of electricity in a pure fluid of ionic
solution. When such a fluid is introduced to saturate a porous medium of
a nonconducting and nonsurface active skeleton, Eq. (3.39) holds. Noting
that the concentration of the electron carrying ions in the porous medium is
affected by both the volume of the saturating fluid and the volume of the
nonconducting and nonsurface active solid matrix, one has

2
1 _ 6’2 Zi D,‘Zi Ngi

— = 3.41
Rw kgT G.41)

Ow =

Averaging of Eq. (3.35) with the current density given by Eq. (3.38) or (3.39)
is straightforward by following the same procedures as those for Egs. (3.15)
and (3.16). If the porous medium skeleton is nonconducting, one obtains

1 ] 1 . 1
v Sielg -n; dS = —V/VVq*dV: —v/SiG:,VI/f*-nidS

Te 1 * * *

=—— [ owVye -n;dS— = | (o VY¥* — 0wV Y,) - n; dS
Vs Vs,
(3.42)

Since the concentrations of the electrolyte ions are the same at solid—fluid
interface as those inside the fluid medium and there are no convective fluxes

contributing to the extra surface integral, it leads to a negligible extra surface
integral. Therefore,

1 . TE
v /Si el -n;dS = v /S,- ow VY, -n;dS (3.43)

which leads to
i=¢i, = —te0w VY, = —Teow VY = —1eVY /Ry, (3.44)

Equation (3.44) is Ohm’s law for a nonconducting and nonsurface active
porous medium saturated with an ionic solution. Traditionally, Eq. (3.44)
is given by

i=—-0gVy = -Viy/Ry (3.45)
where o9 and Ry are the electric conductivity and the electric resistivity,
respectively, of the porous medium saturated with an ionic solution. They

are given by

og=t1e0yw and Ry = Ry/(t¢) (3.46)
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Since one can setup an experiment to measure the electric conductivity in
the porous medium, the tortuosity is normally obtained through this means.
Based on Egs. (3.39) and (3.45), one can define a formation (electric resistivity)
factor [61] as

Fo=XY=_"2- (3.47)
Using Eq. (3.46), we have
Fo=— (3.48)

Equation (3.48) has been derived by, among others, Brown [62].

Hence, we have formally related the formation factor with the tortuos-
ity through volume averaging. The tortuosity and the formation factor are
inversely proportional. Equation (3.48) is valid for a porous medium of
nonconductive and nonsurface active solid matrix. The tortuosity is the ratio
of the apparent diffusion path length scale (i.e., in the volume averaged
space) to the actual curved diffusion path length scale (i.e., in the microscopic
space).

3.4.2 Propagation of Small Amplitude Low-Frequency Waves

In the small amplitude limit, the wave equation can be simplified as

aZu*
g =V (3.49)
where u is the displacement vector of the propagating media and c is the
speed of the wave in the propagating medium.

In the low-frequency limit, the propagation of waves in the porous medium
skeleton (solid matrix) can be neglected. Hence, when a wave propagation
is considered for a fluid-saturated porous medium under low frequency and
small amplitude limit, Eq. (3.49) can be averaged without the complication
of the porous medium skeleton. Under this limit, the porous medium can
be considered rigid and nonconductive. Similar to averaging Eqs. (3.19) and
(3.20), we have

1 [ 3%u* 1 1
V/Va—;dVZVfVZVZ“*dvz‘V VU -0 dS

Si
2 2
c°te c A
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Since the propagation of the wave into the solid matrix is neglected, the
displacement vector is similar to a concentration field that is defined only in
the fluid. Owing to the absence of convection terms as well, we have

/ V*a-n;dS~0 (3.51)
Si
Therefore, Eq. (3.50) is reduced to
82
8?';6 = 2reViu, (3.52)

Equation (3.52) can be rearranged to yield

= 2v2y, (3.53)

where g is the apparent wave propagation speed in the porous medium with
saturated fluid.

co=1"% (3.54)

Owing to the difference in the wave propagation speed, one can define a
reflection index for the porous medium. It is given by [63]

n=cp/c (3.55)
From Eq. (3.55), we obtain
T =n (3.56)

The relation between the reflection index and the formation factor can be
obtained by substituting Eq. (3.56) into Eq. (3.48).

F. = —- (3.57)

Although the relation was not formally established, Eq. (3.57) has been known
as early as 1892 by Rayleigh [63].

3.4.3 Tortuosity Relations

In Sections 3.4.1 and 3.4.2, we have briefly discussed the electrical conduction
and wave propagation in porous media. The electrical resistivity logging and
sound logging are frequently applied to measure the tortuosity of a porous
medium.
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In the dilute limit, or when ¢ — 1, Maxwell [64] derived a formula for the
effective conductivity for the case in which both the fluid and the suspended
spheres are conducting

oo/ow — 1 og/ow — 1
W (1) (3.58)
00/0w + 2 ( E)Gs/aw—i—Z

where o5 is the conductivity of the solids. Hence, the formation factor for an
isolated and fixed sphere can be deduced from Egs. (3.58) and (3.47) assuming
Og = O/

3—¢

F:
¢ 2¢e

(3.59)

Equation (3.59) is now known as the Maxwell-Rayleigh equation and
can be adapted to calculate the tortuosity for systems of high porosity.
Equation (3.59) was also obtained by Rayleigh [63] for cubic array of spheres.
Correspondingly, the tortuosity is given by

(3.60)

Another formula for the high porosity cases is given by Bacri and Salin [65] as

2¢
T =
1+¢

(3.61)

Bruggemann [66] employed a self-consistent treatment for a sphere
immersed in the Maxwell field. Since the surroundings (i.e., the suspen-
sion itself) are considered to be uniform, the dilute limit is satisfied and the
conductivity increase can be obtained for the addition of a sphere by

doy 300 09 — 0%

—_— = 3.62
de & 200+ og ( )

Solving Eq. (3.62) with the initial condition at ¢ = 1, one obtains
N (3.63)

(00/ow) P(ow —03)

In the limit of zero conductance for the spheres, the tortuosity equation can
be deduced and is given by

T =¢l/? (3.64)

Equation (3.64) may be called the Bruggemann equation. The Bruggemann
equation has been shown to be valid for a wide range of solid concentrations
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and various particle shapes for suspensions by De la Rue and Tobias [67].
Equation (3.64) has also been shown to hold for fused glass beads [68-70]. For
packed beds, Liu et al. [51] used geometrical arguments to arrive at Eq. (3.60).
Sen et al. [66] and Wong et al. [70] constructed a percolation argument to
arrive at a more general formula

T =a.e" (3.65)

where a4, is an empirical constant and m is termed the cementation factor.
Equation (3.65) was first proposed by Archie [61] and has also been known
as the Archie’s law. Based on Eq. (3.65), a correlation has been obtained for
natural consolidated media and is given by

7 =161 (3.66)

Equation (3.66) is known as the “Humble” formula [71].
Based on the formation factor data on fussed glass beads, the tortuosity in
the low porosity range is given by [70],

T = 2.8¢%4 (3.67)

In the high porosity range, Eq. (3.64) is found to be satisfactory. Equation (3.64)
and (3.67) may be combined asymptotically to give [55]

~ [ (0.2 + 0.8¢)e% }1/ °

3.68
e134+14x10-8(1 —¢) 3.68)

Equation (3.68) can be used to estimate the tortuosity for suspensions, packed
beds, and artificial consolidated porous media.

For natural consolidated media, the tortuosity is generally lower than that
predicted by Eq. (3.68). Especially when the porosity is low, some of the pores
may be blocked and hence not accessible to fluid flow and mass transfer.
Depending on the degree of compaction, the tortuosity can be significantly
different. The lower limit of the tortuosity for natural consolidated media is
given by,

T =" (3.69)
When electrical conduction and wave propagation is considered, some of the
very fine micropores may be involved in the transport processes. The micro-

pores may increase the tortuosity and the following expression is constructed
by [55]

t =be" + (1= by)e?/? (3.70)
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where b is an empirical constant to account for the fraction of fine micropores
in the total voids. The fine micropores may not be served as passages for the
transport of fluids, in which case a slightly lower effective porosity is rendered
and Eq. (3.69) applies.

Figure 3.9 shows the tortuosity variation with porosity for various model
solid—fluid systems: suspensions, packed beds, and fused glass beads. Exper-
imental data have been collected from various investigators. Among them,
only Johnson etal. [69] obtained some data for fused glass beads by measuring
the propagation of low-frequency sound waves (known as the fourth sound).
Thebulk of the data are based on electrical resistivity measurements. De la Rue
and Tobias [67] measured the formation factor for various suspension systems
by varying the suspended particle shape and sizes. Wyllie and Gregory [72]
measured the formation factor for packed beds of various particle shapes. Sen
et al. [68], Johnson et al. [69], and Wong et al. [70] measured the formation
factor for fused glass beads of various bead sizes. One can observe that the
Bruggemann equation, (3.64), predicts very well at least in the high-porosity
range, ¢ > 0.2. One can observe that the Maxwell-Rayleigh equation, (3.60),
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FIGURE 3.9

Tortuosity for various controlled systems: suspensions, packed beds, and fused glass beads.

© 2005 by Taylor & Francis Group, LLC



104 Shijie Liu and Jacob H. Masliyah

and “Humble” formula (3.66) are not valid for the systems under considera-
tion. To show more clearly the tortuosity variation at the lower spectrum of
porosity, Figure 3.10 depicts the tortuosity versus porosity again on a log-log
plane. One can observe that Eq. (3.67) fits the experimental data well when
e < 0.2. For the entire porosity range, Eq. (3.68) is a good alternative. Hence,
Eqgs. (3.64) for ¢ > 0.2, (3.67) for ¢ < 0.2, and (3.68) for all ¢ values can be used
to estimate the tortuosity for model systems of no inaccessible pores: suspen-
sions, packed beds, and artificial consolidated porous media (of minimum
pore blocking) such as fibrous/metallic foams and structural packings.

For natural consolidated porous media, the variation of tortuosity with
porosity is shown in Figure 3.11, where all the experimental data are
based on the formation factor (or electrical conductivity) measurements. The
experimental data of Wyllie and Spangler [73] and Dullien [74] were extracted
from clean sandstone samples. Cornell and Katz [75] measured the formation
factors for sandstones, dolomites, and limestones. Except for two off-trend
data points, the experimental data show a definite trend of lower tortuosity
for lower porosity. One can observe that the Bruggemann equation, (3.64),
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FIGURE 3.10

Variation of tortuosity with porosity for various model systems: suspensions, packed beds, and
fused glass beads as compared with empirical correlations.
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FIGURE 3.11
Variation of tortuosity with porosity for consolidated porous media.

over-predicts the experimental data on the tortuosity for natural porous
media. The “Humble” formula (3.66), on the other hand, may be considered
as a best fit to the experimental data, while Eq. (3.69) represents the low limit
of the tortuosity data. This low-limit tortuosity may be useful when fluid flow
is considered due to the inaccessibility of the very fine pores in the natural
consolidated media.

Figure 3.12 shows more experimental data (formation factor) for lime-
stone samples from Kuleshov deposit, Bashiriya, former USSR [76]. One
can observe that the fraction of the micropores for the particular limestone
samples is 7%, that is, b; = 0.07. Equation (3.70) predicts the experimental
data well. Although the “Humble” formula (3.66) is still a best fit to the
experimental data in Figure 3.12, there is a definite trend deviation at the
low-porosity range, ¢ < 0.05. Figure 3.12 strongly suggests the validity of
Eq. (3.70), or the concept of very fine micropore existence in consolidated
media.

Figure 3.11 and Figure 3.12 show that the tortuosity equation for unconsol-
idated media, the Bruggemann equation, (3.64), represents the upper bound
for consolidated media. One can observe from Figures 3.9 through 3.12
that there are large scatters of the experimental data depending on the
sources of the data and the porous material. There are many factors that

© 2005 by Taylor & Francis Group, LLC



106 Shijie Liu and Jacob H. Masliyah

1 : —— :

I v
0.8 [ O Data from Chilingar et al. [76] /{ -7
o6k Eq. (3.70), b,=0.07 o /]
“| —-— Eq.(3.70), b,=0.02 7T 4 ]
- — Humble formula (3.66) O’/ / 4
0.4r  ---- Bruggemann equation (3.64) _-~ 4 7/ 1
Y o/
03} -7 o,” % 1
- e O /({ '/
02} el / 9/ l
P o o
P P / Q Gj?d(?)
s / fo)
o0 o O o6 9%
* 010 oo ©. © o<538@<§%%D o 7
o ©_~7 / § o
0.08 | o o e 1
L e} e} / e} i
; %50
0.06 | o 1
o o 6 0 P o00°
- o JSANS) 1
O / /'
0.04 e |
s o 0¢
0.03 ;o ]
Vs
/ -
0.02} e -
/’//
L-—"
/
/
0.01 - ] : N
0.01 0.02 0.03 0.05 0.07 0.1 02 03 05 0.7 1
&
FIGURE 3.12

Variation of tortuosity with porosity for limestone samples from Kuleshov Deposit, Bashiriya,
former USSR. (Data source G.V. Chilingar, R. W.Mannon, and H.H. Rieke, II. Oil and Gas Production
from Carbonate Rocks. Elsevier: New York, 1972.)

cause experimental data scattering: difference in porous structure (from
one sample to another); anisotropy of porous medium material; as well
as the ability or degree of a particular substance (tracer molecules) and
physical phenomenon (thermal or sound wave, etc.) to penetrate a given
porous material, beside the experimental measurement errors. The diverse
source and structural complexity of porous media have been the main reason
for averaging and empiricism, whereby general trend behaviors are detec-
ted. However, an accurate prediction can be obtained by examining each
individual medium.

3.5 Volume Averaged Navier-Stokes Equation for
an Isotropic Porous Medium

For simplicity, we consider here that the fluid is Newtonian and the dynamic
viscosity is constant, and that the gravity can be included into the pressure

© 2005 by Taylor & Francis Group, LLC



Dispersion in Porous Media 107

term, that is, for the case of a constant fluid density. Furthermore, we confine
ourselves to the case of continuous (fluid) phases only. When no porous
medium is present, or the porosity is exactly unity, the flow for a phase is gov-
erned by the Navier-Stokes equation. The governing equations are referred
to as the continuity and momentum equations. These equations are given in
the following.

The continuity equation for free flow of the i-fluid phase is given by

8'01* N sk

TS + V. (piV]) =11 (3.71)
where 7] is the net mass generation in the i-fluid phase due to mass trans-
fer acquired from other fluid phases and solids, phase change and chemical
reactions, etc. In general, with the absence of a nuclear reaction, there is no
overall mass generation,

> irf =0 (3.72)

The momentum equation for free flow of the ith-fluid phase is given by

d(p*v* .
%+V~(p?v?‘vf)+vmk —/L?Vz =M (3.73)

where Ml* is the momentum acquired from other phases. Although there is no
difference between the intrinsic phase averaged value and its corresponding
local value for flow in free space, the superscript * in the above equations is
used to distinguish them from the properties in a porous medium system.
The subscript i denotes the fluid phase under consideration and hence there
is no summation applicable unless otherwise specifically mentioned.

For a rigid porous medium and with no volumetric change in the fluid

phases, Eq. (3.71) is averaged to give

ap; .
81‘% + V- (pivi) = gim; (5.74)

For a rigid stationary solid porous medium and without nuclear reactions
and net absorptions into or desorption from the solid matrix, the total
accumulation of mass is zero.

Z gy =0 (3.75)
i
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For the case of no mass transfer between phases and no reactions, the
continuity equation (3.74), is further reduced to

a .
8:‘% + V. (pivi) =0 (3.76)

Owing to the fact that a convective flux carries a constant property, all the extra
surface integral terms disappear. Hence, no dispersion, mass sink, or mass
generation terms come into play in the final averaged continuity equation,
when the fluid phase does not experience any volumetric change and the
porous medium matrix is rigid.

The momentum equation can be obtained by averaging Eq. (3.73). Follow-
ing the procedures for averaging Egs. (3.19) and (3.20), we obtain

90V ViV & F:
(pivi) + V. Pivivi + —lej + ,LL,‘—IV,' — ‘L'z',U,,‘VZV,'
at & & &

K.
— TV - 8— Vv + ]ZFij<vgi — V) =0 (3.77)

It can be observed from Eq. (3.77) that any disturbance that is introduced
into the system will decay much faster than that for a zero shear factor
medium, that is, no solid matrix present. This is also an experimentally
observed fact. However, it has been recognized that the decaying speed for
flow in a porous medium is slower than that which would be predicted
by the traditionally used volume averaged governing equations, see for
example, Nield and Bejan [77]. Equation (3.77) does indicate a slower decay-
ing speed than that based on the straight passage model. The decaying speed
is still expected to be much faster than that for a medium free of solids.
It is also this characteristic that makes the flow in a porous medium more
stable than that in an infinitely permeable medium and delayed turbulence is
expected.

Owing to the presence of the momentum dispersion, the effective viscosity
of the fluid becomes larger when the flow in porous media is stronger. The
momentum dispersion allows disturbances introduced by the boundary to
carry more influence to the flow domain. The momentum dispersion does not
allow a sharp change in the flow field, whereby decreasing the influence of the
porous medium near the free fluid-porous medium and porous medium-solid
wall interfaces. The momentum dispersion effects can extend into the free
fluid in the vicinity of the interface due to the existence of velocity fluctuation
near the interface [78].

The volume averaged equations can be summed up to yield one single
set of governing equations for a fluid phase mixture. When conditions are
appropriate, such an approach may be found very useful especially when
some phases are dispersed. Fewer governing equations lead to less complexity
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in solving the flow problem. The volume averaged equations become:
The continuity equation,

0
e—g 4V (prnVi) =0 (3.78)
where
1 1
Pm = — Z €ipi; Vm = — Z PiVi (3.79)
& : Pm ;

Assuming that the intrinsic phase average velocity vector is nearly equivalent
for all the phases and the phase interactions can be reorganized to be included
in the internal shear loss term, the momentum equation can be written as

d v VmV, F
(om m)_i_v.pm m m+vpm+ﬂm_mvm
ot e
2 Km
—TUmVVm — TumV - — - Vv =0 (3.80)
£
where
Ly Fn=— 3 wiF (381
- Tigii; _ T ]
Mm Te : 1€ili m o : il

The most significant assumptions made to arrive at Eqs. (3.78) to (3.81)
are that

Vi Vm

o= THmKm= Xi:WZKl (3.82)
Hence, the mixture (or homogeneous) model presented here is applicable
to systems with negligible slip flow velocities between fluid phases and all
the fluid phases are continuous, for example, stratified flow, with similar
streamlines.

For the limiting case where the inertial and diffusion effects can be
neglected, a different approach can be made on the mixture model
For example, Wang and Beckermann [79] used a phase relative permeabil-
ity weighted pressure gradient to avoid the requirement of negligible slip
velocity for a two phase flow. The model of Wang and Beckermann [79] can
easily be generalized to multiphase flows as long as Darcy’s law is valid for
each phase.

For a single fluid flow, Eq. (3.77) is reduced to

0
(g):) +V. ﬂ—I—Vp—l—qu—t,quv—tuV-DTKhon:O (3.83)
£
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where Dr is the transverse dispersivity and K}, is the normalized dispersion
coefficient tensor. For isotropic porous media,

5L 0 0
K,=|0 1 0 (3.84)
0 0 1

where 41 is the normalized longitudinal dispersion coefficient. Although the
porous medium is isotropic, the value of §; may not be unity due to different
degree of mixing along the different directions. The existence of a main flow
itself manifests anisotropy.

When inertial effects can be neglected (creeping flow); the flow is in a steady
state, the volume averaged Navier-Stokes equation (3.83), is reduced to

Vp = —uFv + tuViv (3.85)

Furthermore, if the tortuosity is near unity, Eq. (3.85) can be reduced to the
Brinkman equation

Vp = —%v + uVviv (3.86a)

where k is the permeability and it is the reciprocal of the shear factor, F.
It should be noted that, as a first estimation, the dispersion term has been
dropped out from Eq. (3.85). Equation (3.86a) is the working version of the
Brinkman equation where the viscosity associated with the viscous diffusion
term is the same as the viscosity of the fluid.

In his original study, Brinkman [3] added the diffusion term simply to
meet the boundary specifications and hence the viscosity was not defined.
Brinkman’s first version of the flow equation is given by

Vp = —%v + iviv (3.86b)

where 1 is a quantity having the dimension of viscosity and it was named
the effective viscosity. One should acknowledge that Eq. (3.86b) is a general
form of volume averaged Stokes equation. In general, the effective viscosity
is not expected to be the same as the viscosity of the fluid owing to the effect
of tortuosity and the dispersion of viscous diffusion flux.

Many investigators including Brinkman preferred the use of Eq. (3.86a)
for weak flow in porous media [80]. Although it is a debatable point
whether the viscosity is associated with the diffusion term or the effective
viscosity, or is the same as the viscosity of the fluid or not, there is no
definitive relation for the viscosity (or effective viscosity) when it is not
treated the same as the fluid viscosity. Depending upon the type of por-
ous media, numerical simulations showed that the effective viscosity may be
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either smaller or greater than the viscosity of the fluid [25,80-90]. Through
volume averaging of Navier-Stokes equation, Ochoa-Tapia and Whitaker
[91] showed that u is identical to p/e. Other analyses [87-90] showed
an effective viscosity more close to tu, which reinforces the validity of
Eq. (3.85).

While citing Ochoa-Tapia and Whitaker’s finding, Kuznetsov [92,93] rein-
stated the approach of Neale and Nader [94] by setting i = y?u, with y
being a parameter. The inability in a model, such as the Brinkman equation,
to account for the additional energy dissipation due to momentum dispersion
lends itself to the effective viscosity that differs from the intrinsic viscosity.
In other words, one can think of a difference between the effective viscosity
and the intrinsic viscosity being due to the momentum dispersion. It has been
generally accepted that j is strongly dependent on the type of porous media
as well as the strength of the flow. When the medium is not isotropic, the
flow behavior is different when viewed from different directions, which also
contributes to the variations in the effective viscosity. It has been generally
accepted that the effective viscosity in the Brinkman’s equation should be
taken to be the same as the viscosity of the flowing fluid for high porosity
cases (e.g., see [94,95]). A more detailed discussion can be found in Masliyah
et al. [78].

Astudy by Givler and Altobelli [96] attempted to settle the question of what
is the effective viscosity through direct experimentation on the velocity profile
for flow in a porous bed bounded by a solid wall. They carried out calculation
on the effective viscosity using the measured velocity profile. They found that
the effective viscosity is dependent on the flow rate, which is the first evidence
of the momentum dispersion in porous media.

Originally, the Brinkman equation is a direct extension to the Darcy’s law.
Arbitration comes after the viscous diffusion term, which is an extension to
the Darcy’s law. The Darcy’s law is given by

Vp=-—=v (3.87)

Equation (3.87) can be directly obtained from Eq. (3.86) when the porous
medium domain is very large and the boundary effects can be neglected. In
other words, the Darcy’s law can also be directly obtained under special con-
ditions at which Eq. (3.87) is valid from the volume averaged Navier-Stokes
equation. The Darcy’s law, however, was obtained empirically and exten-
ded from the pressure-drop measurements for unidirectional flow by
Darcy [97].

At this point, we should mention that the Brinkman-Forchheimer or
Darcy—Brinkman—-Forchheimer equation that has been employed by various
investigators (e.g. [91,97-99]) in the literature have the following form,

u_ . Crplv]|
TVPEV T an

v — uViv (3.88)
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where c is the form drag coefficient. Equation (3.88) is thought as an exten-
sion from the Brinkman’s equation by accounting for the inertial effects on the
internal shear loss term, however, the dispersion of momentum is not accoun-
ted for. Owing to the omission of the momentum dispersion, one should note
that Eq. (3.88) is useful only for systems where the flow domain is large, that
is, when Darcy’s law is valid at creeping flow. Hence, strict restrictions apply
to the use of the Brinkman—Forchheimer equation [100]. If the porous media
domain is small, that is, free fluid-porous medium and solid-porous medium
interfaces have a large role to play through the momentum dispersion, the
form of Eq. (3.83) should be used.

When the diffusion term is dropped out, Eq. (3.88) becomes the
Darcy-Forchheimer equation. That is,

C v
—Vp:ﬁv+ FP|V|

TV amY (3.89)

Darcy-Forchheimer equation, (3.89), is strictly empirical and has been used
by alarge number of investigators. When an interface is encountered, an addi-
tional empirical model on the velocity jump condition needs to be provided in
connection with the Darcy’s law or Darcy—Forchheimer equation to account
for the inconsistency of the governing equation and the physical description
of the flow. For researchers who prefer the empirical treatment throughout,
refer to Beavers and Joseph [101], Larson and Higdon [80], and Nield and
Bejan [77]. However, one should note that the empirical treatments are case
dependent, thatis, different empirical coefficients should be used for different
systems.

3.6 Dispersion or Volume Averaged Advection-Diffusion
Equation

The advection—diffusion equation in a fluid phase i in the absence of the
porous medium is given by the following mass balance equation

*

[
a?l + V- (ch, Vi — DaiVch,) = RY; (3.90)

where R}; is the mass generation of the component into the i-fluid phase.
cai is the concentration of component A in fluid phase i and Dj; is the
diffusivity.

Hence, the volume averaged advection—diffusion equation can be obtained
by following the same procedures as outlined for averaging Egs. (3.19)
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and (3.20). The volume averaged species transport equation is given by

dCA;
gia_tl + V- (vicai — 1igiDaAiVeai) — tiV - (DaAK; - Vea))
+ DaiFci(cai — csa) = &iRai (3.91)

Here, we have assumed that the tortuosity are the same for all directions
(isotropic). The term csp is the concentration ca; evaluated at the fluid—solid
or flow—stagnant fluid interface. F; is the fluid—solid interaction factor, which
is similar to the shear factor for fluid flow. For single phase flows, Eq. (3.91)
can be simplified as

9
e 2N 4LV (vea — 1DAVER) — TV - (DK - Vea) + DaFe(ca — con) = Ra

ot
(3.92)

It should be pointed out that we have also separated the diffusion term from
the dispersion term, whereas they are traditionally treated together. Most
dispersion theories are derived based on the same principles as diffusion in
a medium, for example, the random walk theory [101], but mainly using
heuristic arguments. Others studied the dispersion using direct numerical
and theoretical simulations (e.g. [102-107]) based on certain porous medium
models. The dispersion theories are summarized by, among others, [74,
108-112].

When no reaction and no adsorption or desorption occur in the system,
the mass generation becomes zero. In this case, the single phase dispersion
equation takes the following form,

d
8& + V- (vca — 1€DAVea) — TV - (DAKp - Vea) + DaFe(ca —csp) =0

ot
(3.93)

Normally, one can assume that at any local “point,” the concentration in the
main flow stream is the same as that on the fluid-solid interface, that is,

CA = CsA (3.94)

Then Eq. (3.93) becomes similar to the mass/tracer transport equation utilized
in the earlier literature. However, if there are dead-end pores and stagnant
fluid regions, or the solid matrix is slightly diffusive or surface active, the con-
centration at the flow—stagnant fluid interface cannot be treated the same as
the concentration in the bulk flowing region. In this case, one more equation is
needed to model the variation of csa . In the solid matrix, the volume averaged
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transport equation can be written as

dcsA
ot

(1I-¢) = DaFc(caA —csp) — V - (VsCsa — TsDsa Vesa) (3.95)

The term vy is the intrinsic average fluid flow velocity inside the solid matrix,
itis identically zero if the solid matrix is not conductive. For a double porosity
medium, the fine pores in the solid matrix can, however, be treated through
this equation and hence a nonzero flow velocity prevails. The term tsDgp is
the effective diffusivity of the component inside the solid matrix. When the
solid matrix is not diffusive and the fluid hold-ups in the medium are isolated,
this term becomes identically zero. Hence, Eq. (3.95) is an expression such that
the species acquired by transfer from the flowing stream is the only source
of the species accumulation inside the solid matrix/stagnant fluid regions
when the solid matrix is neither diffusive nor convective.

dcsa  DaFc
it 1—c¢

(cA — csa) (3.96)

Now that Eqgs. (3.93) and (3.96) are similar to the model of Coats and
Smith [113], who assumed a trap zone in the porous media. The Coats—Smith
model has been used widely to explain the trailing long tail of the concentra-
tion profile.

In a comprehensive review of earlier experimental studies, Perkins and
Johnston [114] presented correlations for both longitudinal and transversal
dispersion coefficients. Although early studies obtained a variety of disper-
sion coefficient dependence on the flow velocity [115], recent experimental
treatments seem to converge on a linear dependence. The dispersion coeffi-
cient is proportional to the flow velocity when inertia is strong, see among
others, Bear [24], Chang and Slattery [116], and Montillet et al. [117].

3.7 Volume Averaged Heat Equation

The differential heat or energy balance equation for a general case where the
temperatures between phases do not reach equilibrium, that is, heat transfer
between phases exists, can be written as

d(picpiTT)

P + V. (picpiv;kTi* — kiVT;k) = R:f (3.97)

where R7 is the heat generation in the i-fluid phase, cp; is the specific heat
or heat capacity for i-fluid phase at constant pressure, T} is the absolute
temperature of phase i, and k; is the thermal conductivity.
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Inwriting Eq. (3.97), we have assumed that viscous dissipation and the work
done by pressure changes are negligible. Similar to the advection—diffusion
equation, the volume averaged heat equation can be obtained as

d(picpiTi)
B + V- (picpivTi — thi€ikiVTi) — iV - (kiK; - VT;) = &iR; + h;

(3.98)

where ty; is the tortuosity for heat fluxes of the i-fluid phase and #; is the
net heat transfer into the i-fluid phase, which includes the fluid-fluid and
fluid—solid interactions. In Eq. (3.98), the F-factor is included in the term #;.
Normally, the solid matrix is conductive to thermal energy, the fluid-solid
interactions are not to be neglected.

We distinguish the heat flux tortuosity from the tortuosity of the porous
medium because heat can travel through the void space as well as the solid
matrix. Only the degree of difference in the conductivity exists, resulting in
a tortuosity different from unity (free space) and the tortuosity of the porous
medium. Hence, the tortuosity for heat flux can be related to the tortuosity
of the porous medium and the thermal conductivity ratio of the solid mater-
ial, ks, to the i-fluid phase, k;. When ks < k;, the solid material is virtually
impenetrable to thermal energy, hence the exact advection—diffusion equation
applies. That is,

thi = 7; when ks < k; (3.99)

On the other hand, when the thermal conductivity of the solid is greater than
the thermal conductivity of the i-fluid phase, the thermal conduction path
will appear to be shorter than the passages in the porous medium voids.
Heat fluxes will tend to travel through the solid material instead of following
the solid boundary. That is,

i > 1 whenks > ki (3.100)

For the solid matrix, the energy balance equation is given by

aT
pscps > +V - (sVTs) = Rs + s (3.101)

where cps is the heat capacity of the solids, ks is the thermal conduct-
ivity of the solid matrix, and hs is the net heat transfer into the solid
matrix.
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For a homogeneous fluid flow in a nondiffusive (nonconvective) porous
medium, Egs. (3.98) and (3.101) reduce to

oT
EPECPE— + V- (preptVT — T8kt VT) — TV - (kK¢ - VT) + keFe(T — Ts) = R¢
(3.102)

s

— V. (ksVTs) — kiFe(T — Ts) = Rs (3.103)

(1- 8)Psts o

where the subscript f denotes the fluid phase, the subscript s denotes the solid
phase, and k¢ is the effective thermal conductivity in the fluid phase. The
term F; is the F-factor for heat transfer. One should note that the convection
in porous media is normally negligible, except for a double porosity porous
medium. Hence, one is not to expect that the temperature be exactly governed
by the same equation for both the solid and the fluid phases. Owing to the
fluid—solid interaction, through the F; term, the temperature may appear to
behave as if one equation is governing both the fluid phase and the solid
phase for pseudo-steady state at long times.

If the temperature can reach equilibrium between the phases instantan-
eously, then we can set

Ti=Ts=T (3.104)

Summation of the governing equations over the fluid phases and the solid
materials weighted by the volume fractions leads to

oT
(pcp)mg + V- [(ocp)imVmT — 16k VT] — =V - (k{K; - VT) = Ry (3.105)

where
_ 1 AP (3 106)
(pcp)fm =z Z €iPiCpi .
1
(pcp)m = (1- €)psCps + €(0PCp)m (3.107)
- 2.; PiCpiVi (3.108)
(pcp)fm
Rm=(1-8Rs+ ) &R (3.109)
i
km = (1—&)ks + > _ &itniki (3.110)
i
k= 2ifki 3.111)
&
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For single fluid flow in porous media, a one-equation model has been
discussed among others [26,118-120]. Two-equation model has been dis-
cussed among others [26,37,121-123].

Carbonell and coworkers [37-39] showed that in the limit of long time or
pseudo-steady state flows without internal heat generations, both the solid
matrix and the fluid phase are governed by the same equation except that
both can have their own averaged temperatures. Hence, either using a mix-
ture model or using continuum model for both solid matrix and fluid phase,
Eq. (3.105) is the volume averaged governing equation.

For the case of single phase convective heat transfer, the average heat con-
ductivity ky may be computed from the self-consistent electrical conductivity
model, Eq. (3.64), of Bruggemann [66] for packed beds, or

km — ks

© 7 Gk /ke) (ks — ko) (3.112)

where k¢ is the fluid thermal conductivity. There are also some experi-
mental results and correlations available for kn,, see for example [84,124-126].
However, owing to the difficulty in obtaining a true stagnant (zero or negli-
gible) flow condition, the experimental values may not be fully reliable [77]
especially for a high thermal conductivity ratio of the fluid to the solid.

Itis generally accepted that the mixture (or effective) conductivity for single
phase heat transfer is of the following form

k k
km=a (e ket p (L, e) ke (3.113)
ks ks

where () and S() are strong functions of porosity and the thermal conductiv-
ities. Models on the effective conductivity can be found in, for example, Hsu
[126]. Equation (3.113) forms the basis for correlating the effective conductiv-
ity with other known physical properties for single phase heat conduction in
packed beds.

The effective conductivity has been treated theoretically for suspensions
by, among others [63,127-130]. Batchelor and O’Brien [127] found that the
effective conductivity ratio is governed by

ke /ke = 4.0In(ks /k¢) — 11 (3.114)

when the spheres are highly conductive and the spheres are touching each
other with ¢ ~ 0.37, which is confirmed by Sangani and Acrivos [129].
For simplicity, we may assume the following quick estimation formula

1— ki 4+ ¢k!?
Thi = ( l)ksl/z i (3.115)

1
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Equation (3.115) can be used for estimating a mixture (effective) conductivity.
At the extremes, Eq. (3.115) satisfies the conditions set by Egs. (3.99)
and (3.100).

The thermal dispersion coefficient has a predominant effect on the heat
transfer in porous media, especially for strong convective heat transfer pro-
cesses. It should be noted that most researchers use an expression that is
similar to Eq. (3.105). Like the momentum and mass dispersivities, the thermal
dispersivity is expected to be proportional to the flow strength. This behavior
has been confirmed by experimental observations, see for example [130-137].
When the flow is very weak, the secondary flow is negligible. Hence, like the
momentum dispersivity and dispersivity of species, the thermal dispersivity
is expected to remain close to zero at low flow strengths. Only when the flow
becomes strong, will the dispersivity be proportional to the flow strength.

3.8 Microscopic Inertia and Flow Induced Dispersion

Microscopic inertia and flow induced dispersion play a key role in the study
of transport processes in porous media. In the simplest case of a single fluid
flow in saturated porous media, the momentum dispersion governs the flow
distribution [55]. When a tracer species is introduced to the system, the dis-
persion of species comes into play. For nonisothermal processes, additional
dispersion of heat waves is encountered. The dispersion is also termed effect-
ive diffusivity. Hence, dispersion is a fundamental characteristic of transport
phenomena in porous media as shown in the previous sections. In this section,
we shall discuss the origin of these dispersions.

For simplicity, let us consider a porous medium saturated with a single
fluid. The transport equation for the fluid phase is given by

Rlok
ot

+V.-J* =855 (3.116)
with the flux J* given by
J=vior —Diver (3.117)

For incompressible fluids with a constant diffusivity, the flux term in
Eq. (3.116) can also be written as

V. J =v*. VO* — DVZo* (3.118)

Taking a volume average of Eq. (3.116) for incompressible flow in a
porous medium of a nonconductive and nonsurface active solid matrix,
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one obtains

P

f4+v.J]=S 3.119
ot J=Se ( )

&

1 .
V.J=v- V&, — 1DV, — v ) (V*®* — v, d, — DiVD) - n; dS

=v.-VO, +V -V — 1DV2d, — D;V?*d (3.120)

The relationship for the fluctuation or deviatoric property is obtained by
subtracting Eq. (3.119) from Eq. (3.116),

P . .
o +V VD — DV =¥ - VO, (3.121)

Here, we have written Eq. (3.121) in terms of the microscopic space. That
is, the derivatives are not in terms of the averaging space. This treatment
enables us to solve the problem using a unit cell approach, where the frame
of reference is in the microscopic level.

Equation (3.121) indicates that, in general, the deviatoric quantity ® is a
linear functional of the average quantity ®, when ® # v and for ®; = ®,.
That is,

d=-B Vb, (3.122)

where we have introduced the so-called “B-field” of Brenner [103], which is
denoted as the “vector field f” by Carbonell and Whitaker [37, 138]. It should
be mentioned here that we are using a negative sign before the B-field factor.

We assume that Eq. (3.122) is written in the microscopic space and is not
to be interpreted in the volume averaged space. For clarity, a superscript *
has been dropped out for the B-field factor. Since Eq. (3.122) is used for
the convenience of evaluating the dispersion tensor when the microscopic
velocity field can be obtained, using the microscopic space is a must.

In general, a deviatoric quantity is not a simple linear functional of its
average quantity. Equation (3.122) does not apply for flow velocity field or
ds # ®,. Hence, one must seek a more general solution (closure):

V-VD = x|v|(P, — D) —V-V(B-VD,) (3.123)

where y is an inertial parameter or Forchheimer parameter. Equation (3.123)
is written also in the microscopic space. In general, the inertial parameter x
should be a tensor. However, for our purpose, a scalar is sufficient for an
isotropic random medium. The superscript * has also been dropped out from
the inertial parameter x for clarity.
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The general form of the volume averaged transport equation can be
written as

P,

V®, — 1DV - (¢ + K)Vd, = Sg — tDFo (P, — D)  (3.124)

where F is the shear factor/flow—stagnant fluid interaction factor and K is
the dispersion coefficient tensor. Assuming the medium under concern is
isotropic, we set the dispersion coefficient tensor to be of the following form

=2
—

K = D (3.125)

o = O
— O O

Here Dt = K| is the transverse dispersivity and §. is the normalized lon-
gitudinal dispersion coefficient, §;, = K; /K. Equation (3.125) is written in a
set of orthogonal coordinates where the first axis corresponds to the direction
of the average flow. Although the porous medium is isotropic, anisotropy
appears in Eq. (3.125) due to the very fact that the existence of the main flow
(with a direction) makes the system anisotropic.

Making use of Eq. (3.123), one can write the F-factor as

1
Fo = Foo + u—/ dv (3.126)

For simplicity, we shall focus on the determination of the dispersivity alone.
To avoid the complexity involving two unknowns: F-factor and dispersivity,
d, = ®; will be assumed when the dispersion properties are to be derived.

Substituting Eq. (3.122) into Eq. (3.119) and comparing the resulting
equation with Eq. (3.124), one obtains the relationship between the B-field
and the dispersion coefficient tensor,

DK = - / YBdV (3.127)
Vv

Equation (3.127) indicates that the dispersivity is proportional to the mag-
nitude of the deviatoric velocity or the velocity fluctuation. Since the velocity
fluctuations are not expected to be sensitive in the direction of the flow or
the direction of the reference for an isotropic media, the deviatoric velocity is
expected to be proportional to the norm of the velocity in the inertial dom-
inant flow. Hence, when the flow rate is high, or for inertial dominant flows,
the dispersivity is expected to be proportional to the velocity norm.

For dispersion of mass and heat, substituting Eq. (3.122) into Eq. (3.121),
one obtains

—v*. VB + DfV?’B = ¥ (3.128)
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As it is pointed out by Koch et al. [139], the B-field is time-independent. Like
Eq. (3.121), Eq. (3.128) is written in the microscopic space. There have been a
number of investigations that were set forth to model the tracer (mass) disper-
sion coefficient using the B-field or some similar concept [103-107,138-146].
These authors assumed a model unit cell structure for the porous media. In
addition, they applied a creeping flow field, that is, there is no nonlinearity
in the flow velocity field. Normally, a uniform overall (average) flow field is
employed.

The equation for the flow velocity is much more complicated due to the
microscopic inertial effects on the shear factor. If one considers the creeping
flow velocity as a first estimate and applies Eq. (3.122) for the deviatoric
velocity for the second estimation, then Eq. (3.128) still applies to the velocity
field as well. Hence, one may use the transverse dispersion coefficient as an
estimate for the momentum dispersion coefficient as that suggested by Liu
and Masliyah [55]. A rigorous study of the inertial effects (shear factor and
momentum dispersion) for a model structure requires numerical solutions.
In addition, an overall (i.e., in a continuum sense) simple shear field may be
applied in order to study the momentum dispersion.

To deduce the governing inertial group, we start with rendering the gov-
erning equations dimensionless. Using the norm of the velocity, |v|, the
characteristic length of the porous matrix, ds, and the diffusivity, Dy, as the
basic dimensions, Eq. (3.127) can be reduced to

_ RuL / o (3.129)

where Ry is a governing dimensionless inertial group and is given by

RN = (3.130)

Equation (3.128) can be written in dimensionless form as

v* B 1 B v
vl " ds RN( aV) ds — |v|

From Eq. (3.131), one can observe that the B-field is not a function of the

governing inertial group Ry when Ry — oo. When this information is used
for Eq. (3.129), one can draw the following conclusion

DT = DHRN, when RN — o0 (3.132)

where Dy is a constant.
Owing to the linear relationship between the dispersion coefficients and the
governing inertial group at high flow rates, it becomes convenient to define
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a dispersivity based on the longitudinal dispersion coefficient

7K D¢ _ S.tD1Ds

lq =
v vl

(3.133)

The dispersivity Iq as defined above has a length scale. Owing to the diffi-
culty in obtaining a characteristic dimension for a natural consolidated porous
medium, Iq becomes quite handy in dealing with transport phenomena in
consolidated media.

The solution to Egs. (3.129) and (3.131) with proper boundary conditions
(zero flow and conduction inside solids) can be obtained at least for periodic
porous media [103] or by using heuristic models such as the swarm model of
Brinkman [3] and self-consistent models. The flow velocity field for creeping
flow in terms of the swarm model was given by Brinkman [3] and more
accurately by Acrivos et al. [147]. However, it becomes “technical” when one
attempts to determine the dispersivity. Koch and Brady [104] found that there
is no contribution to the transverse diffusivity from the one-particle (sphere),
purely mechanical, analysis. Here, the term “mechanical” is an empirical
description of the region of the dispersion where the effective diffusivity is
not a function of the microscopic (molecular) diffusivity of the fluid. The
null result occurs because of the integral of the transverse component of the
velocity fluctuation along any streamline is zero, as it must be for streamlines
bearing for-aft symmetry. Hence, particle interactions must be considered.

Although Koch and Brady [104] employed ensemble averaging to arrive at
a macroscopic transport equation, there appears to be a difference by a factor
of ¢ on the convection term between the macroscopic equation of Koch and
Brady [104] and traditionally used empirical dispersion equation. Assuming
that the discrepancy does not affect the general trend, the asymptotic solu-
tion of Koch and Brady [104] for tracer dispersion in beds of spheres may be
cast as

(63+/2/640)e1/2(1 — ¢)1/2
Dr = R hen R 3.134
T I 0vap0d —gin N VRN T (3134

where Ry is defined by Eq. (3.130) with d; being the diameter of the spherical
particles in the packed bed.

IThe dispersion equation traditionally used to derive dispersivity is given by (e.g. [115]):

0d,
ot

+vVve V&, —K'V.-Vd, =0

where K’ denotes the dispersion coefficient used in most experimental oriented studies.
Compared with Eq. (3.124), the dispersion coefficient is given by

Dr = 2K, - D;
T
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Equation (3.134) is strictly valid for tracer dispersion and ¢ — 1 in the
analysis of Koch and Brady [104]. Owing to the analogies among these trans-
port processes, the momentum dispersion, the thermal dispersion, and the
dispersion of species should share the same transverse dispersivity based on
the above discussions.

Although the order of the inertial group in the longitudinal dispersivity is
higher than one when the tracer dispersion is dominated by inertial effects
as predicted by Koch and Brady [104], there is no experimental evidence
to support this behavior. Koch and Brady [104] used interparticle interaction
(stagnant flow region hold-up), conductance of the particles (or particle hold-
up), and the boundary layer distribution of concentration near particle surface
to arrive at the higher order terms. These contributions are also termed
the nonlocal, nonmechanical dispersion. Owing to the interrelation between
the longitudinal and the transverse dispersivities, the higher order depend-
ence should appear for transverse dispersion as well [148]. One situation
where this analysis should prevail is the thermal dispersion since the particles
are conductive, whereby a second-order dependence for high Péclet number
flows would be expected. However, only a first-order dependence is observed
[37,133,137]. Koch and Brady [106,107] explained that the nonappearance of
the higher order dominant terms in dispersion is due to its long relaxation
time. Normally, these higher order terms only manage to make their contribu-
tion in the transient behavior and cannot reach steady state (or pseudo-steady
state) in experiments. If we go back to the general case where &5 # @,
Eq. (3.124), one can note that the stagnant flow region hold-up and particle
hold-up are not contributing to the dispersion directly. The hold-ups act as
buffers and are attributed to a nonlinear time variation, especially at long
times. Owing to the resistance to change due to the hold-ups, a long trailing
tail is expected. Hence when inertial effects are dominant, the linear relation
for the dispersivity and the inertial group should hold.

Here K| is the transverse dispersion coefficient associated with the traditionally used dispersion
equation.
The dispersion equation of Koch and Brady [104] is given by

d(edy)
Jat

+v-V(Eed) = V- -V(Eed:) =0

Ensemble averaging was utilized by Koch and Brady [104]. There is a factor of ¢ different on the
convection term as the fluid velocity in the equation of Koch and Brady [104] was claimed to be
volume averaged. Therefore, the dispersion equation of Koch and Brady [104] is incompatible
with the traditionally used dispersion equation. It may be assumed that the velocity of the
convection term in the dispersion equation of Koch and Brady [104] is the intrinsic phase averaged
(not the volume averaged) velocity, and the velocity in their dispersion coefficient is the volume
averaged velocity. When the mistake in Koch and Brady [104] is corrected, one would have

DiK = P —1D;
T
which puts the dispersion tensor, B, of Koch and Brady [104] to be the same as the traditionally

used one.
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For fluid flow, the governing inertial group Ry is replaced by the Reynolds
number

ds|v|p

REd = RNlFlOW = (3135)

The inertial group for heat transfer is governed by the thermal Péclet number,
that is

ds|v|pc
Pe; = R |feat = % (3.136)
f
and the inertial group for mass transfer is given by
ds|v
P = Rn|Mass = % (3.137)
1

The variation of the F-factor at high flow rates can also be deduced through
nondimensionalization of the closure equations. Rendering Eq. (3.124) into a
dimensionless form, one obtains

) D* — Py v B o,
. d V _ = d — — — " d V e 3138
dsV) D @sx) D v ds dsV) D ( )

v
vl

where @ is some average of ® in the system.

From Eq. (3.138), one can observe that the inertial parameter x is not a
function of the magnitude of the flow velocity when Reynolds number is
high. The dimensionless F-factor can be written as

1
d2Fo = d>Foo + RN /V (dsx)dV (3.139)

Hence, the F-factor is also linearly proportional to the governing inertial
group when Ry — oo.

In this section, we have arrived at the following conclusions: both the
momentum dispersivity and the shear factor are proportional to the norm of
the velocity or the Reynolds number when Re is large; when Pe; is large, both
the effective thermal dispersivity and the solid—fluid interaction factor F; are
proportional to Peg; and both the effective tracer dispersivity and fluid-solid
interaction factor F. are proportional to Pey, when Pey, is large. In addition,
all the dispersion coefficients should bear similar functional forms except for
the difference in the governing inertial group.

Figure 3.13 shows the transverse dispersivity for packed beds, where ¢ =
0.34 is assumed if not specified. The experimental data are extracted from
the thermal dispersion measurements [39,133] and the tracer dispersion data
[115]. All the experimental data have been treated as being consistent with
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Transverse dispersivity in packed beds.

the governing equations we have seen earlier. One can observe that there
is no significant difference between the thermal dispersion and the tracer
dispersion. They can all be predicted by the following equation

Dr = 0.14Ry (3.140)

One should note that the dispersion shown here is for inertia induced
dispersion only. In particular, the thermal dispersion data shown in
Figure 3.13 have subtracted the stagnant effective conductivity or diffusiv-
ity at zero flow condition. For the experimental data of Levec and Carbonell
[39], the strength of convection is also corrected.

Figure 3.14 shows the axial dispersivity, K||/Rn, for packed beds. The sym-
bols represent the experimental data extracted for both the tracer dispersion
measurements and the thermal dispersion measurements. The lines are pre-
dictions based on Eq. (3.140) for the transverse dispersivity. From Figure 3.14,
one can note that

5. =20 (3.141)
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Axial dispersion in packed beds.

can represent the experimental data well for 50 < Ry < 5 x 10°. As is in the
current stage, the axial dispersion has to be determined by correlating with
experimental data. For a wider range of applicability, the value of 81, can be
given by

25RN
4+
(100 + Rn)(1 + 2 x 10-6Ry)

5. = (3.142)

Equation (3.142) can best represent the average trend of the experimental
data in Figure 3.14. There are large scatters of experimental data in both
Figure 3.13 and Figure 3.14. The source of the experimental data scattering is
not solely the experimental observational error. Other sources, as mentioned
previously when discussing the scattering of tortuosity data that is also evid-
ent here when Ry is very small, exist as well. The diversity of porous medium
structure from sample to sample as well as the transport medium (fluid) have
been regarded as the major sources of data scattering.

For fibrous beds and metallic foam beds, the dispersivity is much higher
than that for a packed bed of spheres. Since Eq. (3.140) is derived based on
the analysis of Koch and Brady [104] for media of spheres, one can fit other
media with the same equation while treating the constant as a parameter of
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Axial dispersion coefficient in packed beds and particle dispersion in fluidized beds. All the
symbols are data points of Martin et al. for glass beads fluidized by glycerol-water corrected for
velocity scales [155].

property of the media. Using the experimental data of Montillet et al. [117],
one obtains the axial tracer dispersivity for a metallic foam bed

Ky = 8.D1 = 14Ry (3.143)

The higher dispersivity for fibrous foam is due to its better pore connections.

Figure 3.15 shows the variation of longitudinal dispersivity with porosity
for different transport processes: particle dispersion in fluidized beds (data
of Martin et al. [155]); mass (or tracer, data of Montillet et al. [117]) and
momentum (data of Givler and Altobelli [96]) dispersions of flow in porous
fibrous foam beds; as well as the tracer and thermal dispersions in packed
beds of spheres (data in Figure 3.14) as summarized by Liu [156]. One can
observe that the longitudinal dispersivity may be represented by

K = 8.Dt = 16013 (1 — )*°Ry (3.144)

Thus, the dispersion coefficient is a strong function of the porosity.

3.9 Summary and Discussions
The transport equation in porous media for the case of no internal generation
can be obtained from Eq. (3.125),

P
ot

e—— 4+ v-Vd, — 1DV - (¢ + K)VD, + tDFp(®, — D) =0  (3.145)
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where the value of the transporting quantity in the solid matrix is governed
by Eq. (3.96) or in general,

= DiFo (P, — ®s) — Vs - Vs + 1D V> Dy (3.146)

P
(1-e¢) ts

0

When the solid matrix is neither diffusive (Ds = 0) nor convective (vs = 0),
then the right-hand side of Eq. (3.146) is left with one term only, the solid-
flowing fluid interaction term. The traditional dispersion equation approach
prevails only if the value of ®; is exactly the same as the value of ®,.

In general, for heat transfer, solid matrix-flowing fluid interaction is import-
ant as well as the flow-induced dispersion due to the thermal conductivity
in the solid matrix. The coupling of the F-factor with the thermal disper-
sion can be used to explain the large deviations of the interpretation of the
experimental data in dispersion. Owing to the fact that the F-factor is linearly
dependent on the flow rate when the Péclet number is large, Eq. (3.139), the
effective thermal dispersivity becomes much higher than its real value.

Owing to the coupling of the F-factor (solid matrix—flowing fluid
interaction) and flow induced dispersion effects, the transport processes
cannot normally be treated by the dispersion equation alone without losing
accuracy.

For single fluid flow alone, the F-factor has a predominant effect on the
flow behavior, whereas the dispersion effect is a clear secondary effect. In most
applications, the dispersion can be neglected along with the other effects, such
as the macroscopic viscous diffusion and the macroscopic inertial effects.

For mass transfer or displacement of fluids, the F-factor is normally not as
large since in most cases the solid matrix can be considered as nondiffusive,
that is, negligible concentration or thermal gradient on the solid surface.
The F-factor effect enters into play because of the heterogeneity and stagnant
fluid zones and closed stream lines in the media. When F-factor effect is sig-
nificant, the transport of species differs from that described by the dispersion
equation (i.e., assuming a zero F-factor) and the resultant behavior is normally
termed anomalous dispersion. The solid matrix—flowing fluid interaction can
be significant when the flow rate is high. The F-factor effect is normally
observed in experiments through a nonsymmetrical breakthrough curve;
especially, the long tail response to a pulse or step input. The asymmetrical
breakthrough curve has been noted and studied since the 1950s, for example
[113,157-161]. When equilibrium is reached the F-factor effect becomes min-
imal. The long tail breakthrough curve is observed in consolidated media
[162,163], in unconsolidated media [148,164], and in double porosity media
[165,166].

Modeling of flow in porous media relies on the closure models for the
momentum dispersivity as well as shear factor. For shear factor models,
please refer to Liu and Masliyah [55]. One should note that the shear factor
models are commonly converted from pressure drop correlations. Therefore,
attention should be paid on the form of the averaged equations used as the
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The axial velocity profile in a fibrous bed. (Taken from S.Liu and J.H. Masliyah. Chem. Eng.
Commun. 148-150: 653-732, 1996. With permission.)

volume averaged equation determines the exact forms of the shear factor and
momentum dispersivity models, especially porosity dependence. To show
the effect of momentum dispersion on single phase flow, Figure 3.16 shows
the experimental data of the axial velocity profile (1 is the volume averaged
axial velocity and U is the average volumetric flux) variation with the radial
distance (r is the radial coordinate and R is the bed radius) for flow in a porous
foam bed. One can observe that the effect of momentum dispersion is signi-
ficant as it affects the velocity distribution, especially near a bounding wall.

Mathematically, the origin of the dispersion is due to the microscopic spatial
velocity variation. Physically, dispersion occurs because of constant joining
and splitting of flow streams when the fluid is traversing through the porous
structure. It is the blockage on the straight pass way of the solid matrix to
fluid that leads to shear losses; curved streamlines for the fluid; as well as the
dispersion or scattering of the fluid. The shear losses represent the fluid-solid
matrix interaction. Curved streamlines are well characterized by the tortuos-
ity of the porous media, which directly affects the strength of fluxes that are
generic to microscopic flows. Dispersion causes extra fluxes to occur. The dis-
persion coefficient is a tensorial quantity with a higher dispersivity value in
the general direction of flow.

Nomenclature

a; constant
B B-field of Brenner
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b;  fraction of micropores

c wave speed

cA concentration of A

cp  heat capacity

co  apparent wave speed

cg  drag coefficient factor, in Eq. (3.89)

D diffusivity

Dy constant

Dt  dimensionless transverse dispersivity
ds  solid particle diameter

e elementary charge

F solid—fluid interaction coefficient or shear factor
F. formation factor

g gravitational acceleration

h height

h; heat transfer into the ith phase
I Intraphase interaction

i electric current vector

J flux

K dispersivity

K dispersion coefficient tensor
Kn  Knudsen number

Kt Taylor dispersion coefficient

K  longitudinal dispersion coefficient

K|  transversal dispersion coefficient

k thermal conductivity, normally with a subscript indicating the
phase

k permeability

kg Boltzmann constant

l minimum system length dimension
Iy dispersivity, defined by Eq. (3.133)
M momentum

n reflective index

n;  number concentration of ionic species i

n;  outnormal of surface i (pointing out of phase i)
O  order of

OI  Interface interaction

P point P

p pressure

Pe,, mass Péclet number

Pe;  thermal Péclet number

R radius of pipe

Ra  rate of generation for component A
R;  heat generation in the ith phase

RN dimensionless inertia parameter
Ry, electric resistivity of pure fluid
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Ry apparent electric resistivity

r radial coordinate

Re;  Reynolds number, Eq. (3.135)

REV Representative Elementary Volume
m mass

S Surface

s principal coordinate in microscopic space
T temperature

t time

u cross-sectional averaged velocity

u volume averaged axial velocity

u displacement vector

Vv volume

Vp  volume of “a point”

\4 velocity vector

x axial coordinate, or x-coordinate

z z=x—Ut

zZj valency of ionic species i

Greek Symbols

a()  afunction of, Eq. (3.113)

B0  afunction of, Eq. (3.113)

A difference

oL normalized longitudinal dispersivity
&£ porosity

A mean free path length

7 viscosity

n effective viscosity

P density

Os electric conductivity of the solid matrix
ow  electric conductivity of pure fluid

00 apparent electric conductivity

T tortuosity

P a property, normally stands for v, T, or ca
X Forchheimer parameter, Eq. (3.123)
4 electric potential

\% gradient

Superscript or above

power law index

local value

fluctuation or deviation from volume averaged value
rate change of time
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Subscript

A component A

a point a

b point b

c for mass transfer

f fluid

h for heat transfer

i the ith fluid

i—i  the ith fluid with ith fluid interface

i— the interface between the ith fluid and other phases
j the jth fluid

ij interaction between the ith fluid and the jth fluid
m overall; mixture

s solid matrix or solid phase

T overall; transversal

t thermal

0 overall; apparent or mixture

€ intrinsic average

P for ¢

I longitudinal

1 transversal

——
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Summary

Recent analytical studies on thermal development and transverse heterogen-
eity effects on forced convection in channels and ducts are surveyed.

4.1 Transverse Heterogeneity
4.1.1  Introduction

Applications of the material in this chapter include the cooling of electronic
equipment using devices made of compressed metallic foam material that
is highly porous even after compression. The compression may not be uni-
form, and the channel length may be relatively short so that the thermal
development effects are important.

In this section we survey analytical studies on the effect on forced convec-
tion, in channels and ducts, of the variation in the transverse direction of
permeability and thermal conductivity. Both parallel-plate channels and cir-
cular ducts are considered, and walls at uniform temperature and uniform
heat flux are treated in turn. Basic work using the Darcy model for thermal
equilibrium is extended in some cases to the Brinkman equation and to the
case of local thermal nonequilibrium. The standard work is for symmetric
property variation and symmetric thermal boundary conditions, but some
exceptions are also discussed.

4.1.2 Parallel-Plate Channel

We allow the permeability K and the thermal conductivity k to be nonuniform
in space, and define

K= 4.1)

| =
=
I

|

where an overbar denotes a mean value taken over the volume occupied by
the porous medium.

For the steady-state fully developed situation we have unidirectional
flow in the x*-direction between impermeable boundaries at y* =—H and
y*=H, as illustrated in Figure 4.1(a). The steady-state Dupuit-Forchheimer—
Brinkman equation is (for theoretical background and range of applicability,
see [1])

u* d?u*
+cppu*? — Meffw (4.2)

%
G:
K
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(a) Isoflux or isotemperature boundary
Porous medium of permeability K, "
and effective conductivity k, U
-~ H
Porous medium of permeability K, > cH
. .. uy C
5 and effective conductivity k; =
0 x*
(b) Isoflux or isotemperature boundary
Porous medium of permeability K, .
and effective conductivity k, U
R

Porous medium of permeability K;
and effective conductivity k;

[

FIGURE 4.1
Definition sketch: (a) parallel-plate channel, (b) circular duct.

where p10f is an effective viscosity,  is the fluid viscosity, K is the permeability,
and G is the applied pressure gradient and the coefficient cy, is related to the
Forchheimer coefficient cr used in Nield and Bejan [2] by

cL = cpK~1/2 4.3)

We define dimensionless variables

x* y* uu
_x _r _ 44
Y YTwu "Tom @b
so that the dimensionless form of Eq. (4.2) is
d? ~
- —LFn?+1=0 45)
dy>  KDa
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where the viscosity ratio M, the Darcy number Da, and the Forchheimer
number Fr are defined by

K cLpGH*
M=l pp= 2 g P (4.6a,b,0)
" H2 p?
while
. K -
k== iz (4.7a,b)
K cL

L=Kk"12 (4.8)

and thus there is a simplification if this approximation is valid.
The mean velocity U* and the bulk mean temperature T}, are defined by

1 H H
U= — “dyt, T* = *T* dy* 49
H/O way m Hll*/o iy 49)

Further dimensionless variables are defined by

u* T* — T}

h=—, T=w 4.10
e Th —T% @10
This implies that
= — 4.11)
fo udy
The Nusselt number Nu is defined as
2H 4
Nu=——1__ 4.12)
k(Tg, — T3

The Nusselt number is the traditional nondimensional measure of the
rate of heat transfer from the boundaries into the bulk of the fluid. The
thermal energy equation for the case of local thermal equilibrium, with axial
conduction and viscous dissipation ignored, is

LOT*  k 02T*

= — 4.13
P pcp dy*2 *.13)

The reader should note that in the weak variation case considered below
(dk/dy)(3T*/dy*) is negligible in comparison with k(3?T*/3y*?), and for the
piecewise constant layered case considered below it is zero in each layer.
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4.1.2.1 Darcy model
In the Darcy flow case, corresponding to Fr — 0, Da — 0 we have

i=K (4.14)

(For the Forchheimer model, the problem reduces to the Darcy case but with
a different distribution of permeability.)

41211 Isoflux boundaries

Before proceeding, we note that the analysis for the case considered in this
section has been extended, to include the effect of a viscosity varying in the
transverse direction, by Sundaravadivelu and Tso [3]. However, here we
ignore this effect.

The first law of thermodynamics leads to

oT*  dTH g’
dx*  dx*  pcpHU*

= constant (4.15)

In this case the thermal energy equation may be written as

d2T 1
—— = ——Nuil (4.16)
dy> 2k
For the Darcy flow case this becomes
d2T 1. -
— = ——NuK 4.17)
dy? 2k
The boundary conditions on f"(y) are
dT .
—(@0)=0, T1)=0 (4.18a,b)
dy

412111  Continuous weak variation — We first consider the case where the
permeability and thermal conductivity distributions are given by

_ ly* 1
K—Ko{1+€K<—H 2)}
_ ly* 1
k—ko{l+8k<H 2)}

(4.19a,b)
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The coefficients ek and ¢ are each assumed to be small compared with unity.
The mean values of K, k are thus K, ko, respectively, and so

R=1+ex 1yl - 1)

y (4.20a,b)
k=1+8k(|y| — %)
The velocity distribution is given by
=R =1+ec(lyl - }) 4.21)
and Eq. (4.17) gives, to first order in small quantities,
dZT——lNu 1+ (sx — &x) 1 4.22)
a2 - 2 K=V ™3 ‘

The solution of Eq. (4.22) subject to the boundary conditions in
Eq. (4.18) is

T = —ZNuf6(y® — 1) + (ex — £ 2y° = 3y* + 1)} (4.23)

The compatibility condition (an identity required by the definitions of &
and T) is

1
f aTdy =1 4.24)
0

Substitution of the expressions (4.21) and (4.23) into (4.24) leads, to first
order, to

Nu =6 (1+ fex — har) (4.25)

4.1.2.1.1.2  Stepwise variation (double layer) — Suppose that

K=K; and k=k for0<|y*| <&H (4.26a)
K=K, and k=ky foréH <|y*|<H (4.26b)

The mean values are given by

K=¢tK+(1-8K,

_ (4.27a,b)
k=&ki+ A —- &)k
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We write
and 1& =

K = fori=1,2 (4.28)

WII e
=

The velocity distribution is given by

=K forO<y <&

- (4.29a,b)
=K foré<y<l1
We have now to solve the differential equations
2T K
—d 21 =_Nu~ ! forO<y <&
dy 2kq
. - (4.30a,b)
d2T, Nuky
> =——5 foré<y<l
dy 2k
subject to the symmetry and boundary conditions
dr A
—1(0) =0, T =0 4.31)

and the matching conditions (for temperature and heat flux, which are
assumed to be continuous)

. . . dT ar
T16) = Ta(®), kld—;@) kz—2<s> (4.32)

The solution is

L [ K2 2)+%<25—252>+%@2—25+1>}

4 2
(4.33a,b)
- Nu
T, = T{k—(l—2é+25y Y )+~—(2E Zéy)}
Substitution into the integral compatibility condition
1 & o
/ fley = 11Ty dy + / 11y TH dy =1 (4.34)
0 0 §
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then yields the Nusselt number expression,

K2
Ki

KZ T KZ
Nu:6/{§312—1 +3§2(1—5)k—+3§(1—§)2%+(1—$)3—2

} (4.35)

1 2 ) ko

For the homogeneous case, K =Ky, = El = 122 = 1, this expression reduces
to Nu = 6, independent of the value of £, as expected.

412113  Stepwise variation (triple layer) — The analysis has been exten-
ded to three layers (one of which may be solid, so that one has a conjugate
conduction—convection problem) by Kuznetsov and Nield [4].

Suppose that

K=K; and k=k for0<|y*| <&H
K=K, and k=ky for&H < |y*| <nH (4.36a,b,c)
K=K; and k=ks fornH < |y*| <H

Then, corresponding to Eq. (4.35), one finds that

K2 K2 K2 KK
Nu =6/{s3~—1 +3E2(p — &)=L + 3E2(1 — ) =L 4 3E(y — )P —=—
k1 ko ks ko

KK KK Q2
F6E( —E)(1 — m)——2 4 3E(1 — )22 4 (n — £)° 2
ks ks ko

i K i

130 — 21— =2 + 30— &) A — NP2 4 (1 — 322

k3 k3 ks

4.37)

For the expressions for i"1, f"g, and Tg the reader is referred to [4]. The expres-
sion for the conjugate problem is obtained by putting K3 = 0. (In order to
conform with the usual definition of the Nusselt number for the conjugate
problem, it is necessary to alter the temperature scale in the definition, and
this means rescaling Nu. For details, see Kuznetsov and Nield [4].)

Kuznetsov and Nield [4] have hypothesized that, in the case of N layers,
with interfaces aty = &1, &, ...,&Nv_1, that

Nu = 6/ ZCPQRZPZQZRKPKQ/I?R (4.38)

where

Zj=§]'—§]'_1 fOI‘j=1,2,...,N,‘ é():()andéN:l (4.39)
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and the coefficients cpgr are those that appear in the trinomial expansion

(z1+z0+---+ ZN)3 = Z CPQRZPZQZR (4.40)

If this hypothesis is correct (and it is certainly true for N = 2and N = 3), then
one can immediately deduce, using some elementary inequalities, bounds
on the value of the Nusselt number for a general transversely heterogeneous
porous medium. Let Kmax, Kmm, kmax, ‘min b€ the maximum, minimum values

of K, k, respectively, within the porous medium. Then

6k mm/ max = Nu = 6kmax/K

min

(4.41)

4.1.2.1.2 Isotemperature boundaries

For the case where the wall temperature T, is held constant, Eq. (4.16) is
replaced by

d2T 1 .
dy 2k

The extra factor T on the right-hand side arises because now the excess tem-
perature decays exponentially in the axial direction, and so the axial excess
temperature gradient is proportional to the excess temperature. The bound-
ary conditions, Eq. (4.18a,b), remain unchanged, but the integral compatibility
condition is replaced by the differential compatibility condition

Nu = —Zd—T(l) (4.43)
dy

This condition is also an identity arising from the definition of T. We believe
that our publications are the first in which the integral and differential com-
patibility conditions are explicitly discussed. In the case of isotemperature
boundaries the first condition is satisfied automatically and the second must
be imposed, while in the isoflux case the roles of the two conditions are
reversed.

412121  Continuous weak variation — Equations (4.19) through (4.21) are
pertinent. In place of Eq. (4.22) we now have

d2T 1 1\] -
d_yz = —ENu{l—i-(sK—sk) (y— E)}T (4.44)
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This is to be solved subject to the boundary conditions (4.18a,b). A perturba-
tion expansion in terms of the small parameter ¢ = ex — ¢ leads to

72

2
Nu = 7 {1 + ?(SK — Ek)} (445)

412122  Stepwise variation (double layer) — Equations (4.26) though (4.29)
are still pertinent, but instead of Eq. (4.30) we now have

d2T .

W; =-MT) forO<y<&

o (4.46a,b)
sz =—X%7A”2 foré <y <1

where
Nuk;\
M:( 2”}‘2 ') , fori=1,2 (4.47)
i

The solutions of Eqs. (4.46a,b) satisfying the boundary conditions (4.18a,b)
are

Tl = Aj cos A1y
N (4.48a,b)
Tr = Axsin (1 —y)

The continuity of temperature and heat flux at the interface y = & then implies
the matching conditions

Aqcos hE = Apsin i (1 — &)

. . (4.49a,b)
kiA1A1sin A& = kpApAp cos A (1 — &)
The condition that Eqs. (4.49a,b) have a nontrivial solution is that
ko
tan A1§ tan Ap(1 — §) = 2—; (4.50)
141

In view of Eq. (4.47), this equation may be regarded as an eigenvalue equation
for Nu. As soon as the value of Nu has been found, the compatibility
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condition gives

Nu

= — 4.51
7 (4.51)

2

and then either (4.49a) or (4.49b) gives A; to complete the solution.

In general, Eq. (4.50) must be solved numerically. For the homo-
geneous case, Ki=K; = 121 = 122 =1, one can check that ry=Xiy=m/2
makes Eq. (4.50) an identity in &, so that Nu=nr?/2 and A;=A;=m/2,
and so

T= % cos %‘V (4.52)

as expected.

Immediately from Egs. (4.25) and (4.45), we can see the prime effects of
permeability variation and conductivity on the Nusselt number. If the per-
meability isabove average in the region adjacent to the wall (and consequently
is below average in the mid-channel region), so that ek is positive, then the
Nusselt number is thereby increased. Also from Egs. (4.25) and (4.45) we see
that the prime effect of thermal conductivity variation is in the opposite dir-
ection to that of permeability variation. An above average conductivity near
the wall leads to a reduction in Nu.

We now consider the stepwise variation situation. For the case of isoflux
boundaries, and for the case where £ = 0.5 so that each medium occupies
half the channel, plots of the Nusselt number Nu are displayed in Figure 4.2.
In accordance with the trend noted in Section 4.1.2.1.1.1, Nu increases as
K5 /K increases, because above average permeability and hence above aver-
age velocity near the wall leads to a smaller difference between the bulk mean
temperature and the wall temperature. In contrast, the way in which Nu var-
ies with kp/k; is more complex. As ky/k; increases, Nu at first increases but
then goes through a maximum. It is only at large values of ky/ki that Nu
decreases as ky/ki increases in line with the trend observed for the case of
continuous variation. Besides the effect of thermal conductivity on curvature
of the temperature profile, there is an effect resulting from the change in slope
of that profile at the interface.

The difference between the effects of permeability variation and conductiv-
ity variation is strikingly shown in the plots of temperature profiles presented
in Figure 4.3. Figure 4.3(a) shows that in the absence of conductivity variation,
the effect of increase of permeability near the wall leads to profiles with lar-
ger mean values but with continuously varying slopes. On the other hand,
the effect of conductivity variation leads to profiles having a discontinuity in
slope, and whether this leads to an increase or decrease in the value of the
mean temperature depends on the relative magnitudes of slope increment
and curvature variation.
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(a) 20 T T T T T T T r
=05

—
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_
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kZ/kl =1
kolk;=0.1 l

N U
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log;o (Ko/K7)

(b) 20 : . . . . . . .
£=0.5

K2/K1:O.1

1 -08 -06 04 02 0 02 04 06 08 1
log ;o (ky/ky)

FIGURE 4.2
Nusselt number for the parallel-plate channel with isoflux boundaries: (a) effect of permeability
variation, (b) effect of thermal conductivity variation.

The corresponding results for the case of isotemperature boundaries are
presented in Figure 4.4 and Figure 4.5. Compared with the isoflux case,
the major change is that, for most values of the permeability and con-
ductivity parameters, the Nusselt number is reduced (and the temperature
profiles become more peaked) as expected. The exception is when con-
ductivity near the wall is much less than average, and in this case the
Nusselt number is already small. The trends relating to permeability and
conductivity variation are similar for the two types of thermal boundary
conditions.
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(@ 1 . . . . . .

KiKi=10| 303
2B1= kol =1
0.8 |
0.6 | j
- Ky/K; =1
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Kz/KIZO.l
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£=0.5
K2/K1=1
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0.6 | j
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kolky=10
04l 2/ky |
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0 0.5 1 1.5 2 2.5
T

FIGURE 4.3
Temperature profiles for the parallel-plate channel with isoflux boundaries: (a) effect of
permeability variation, (b) effect of thermal conductivity variation.

412123  Stepwise variation (triple layer) — For the three layer case,
Eq. (4.50) generalizes to

cos M & —Cos Apé —sin A& 0
det 121)\1 sin A& —122)»2 sin A& 122)»% Ccos A& . 0 —0
0 Ccos Aon sin Ayn —sin A3(1 — n)
0 —]22)»2 sin Aon 122)»2 COS A7 ]23)»3 cosr3(1 —1n)
(4.53)

For details see Kuznetsov and Nield [4].
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FIGURE 4.4
Nusselt number for the parallel-plate channel with isotemperature boundaries: (a) effect of
permeability variation, (b) effect of thermal conductivity variation.

This last result has been exploited by Nield and Kuznetsov [5] to model
a situation in which there is gross heterogeneity and anisotropy, namely, the
experimental work reported by Paek et al. [6].

4.1.2.2  Brinkman model

The analysis is similar to that for the Darcy model, but the algebra is more
complicated and has been carried out just for the case of uniform flux bound-
aries. For details refer to Nield and Kuznetsov [7]. Some results are presented
in Figure 4.6 and Figure 4.7. These are for the case of Da = 1, and so are rep-
resentative of a hyperporous medium. These figures may be compared with
Figure 4.2 and Figure 4.3 that apply to the Darcy model, that is, the limiting
case Da tends to zero. For the hyperporous case, as for the near Darcy case, the
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(@ 1 . . . . . . .
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FIGURE 4.5
Temperature profiles for the parallel-plate channel with isotemperature boundaries: (a) effect of
permeability variation, (b) effect of thermal conductivity variation.

Nusselt number increases monotonically with K>/Kj, but now the increase
is only gradual. This gradual change is as expected, because now the velo-
city profile is strongly influenced by the Laplacian viscous term as well as
the Darcy term in the momentum equation (4.2), and the velocity profiles
are more parabolic than slug-like. Again the Nusselt number goes through a
maximum as the conductivity ratio k»/kj increases. The temperature profiles
are shown in Figure 4.8. It is noteworthy that the temperature profile changes
little with variation of the permeability ratio but a lot with variation of the
conductivity ratio. In fact, the trends shown in Figure 4.8(b) are very sim-
ilar to those shown in Figure 4.3(b). This illustrates the obvious fact that the
variation of the Darcy number is essentially a hydrodynamic change rather
than a thermal one, and so the temperature profiles should be qualitatively
independent of Da.
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FIGURE 4.6
Nusselt number for a hyperporous case, Da = 1: (a) effect of permeability variation, (b) effect of
thermal conductivity variation (M =1,& = 0.5).

In Figure 4.9 we present the variation of Nusselt number with the Darcy
number. As Da increases there is a change from the Darcy flow situation,
in which permeability variation plays a dramatic role, to the hyperporous
situation in which permeability variation is not important, and for which the
value of Nu is smaller than for the Darcy case. In the case where there is no
conductivity variation, Nu tends to the clear-fluid value 4.12 as Da tends to
infinity, independent of the permeability variation, as expected. The effect of
conductivity variation is just as important for the hyperporous case as it is
for the Darcy case, again as expected.

4.1.2.3 Asymmetric heterogeneity

So far we have been considering the case of symmetric heterogeneity, which
is the most interesting case (when one swaps the core and sheath there is
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FIGURE 4.7
Temperature profiles for the case of isoflux boundaries and for a hyperporous case, Da = 1:
(a) effect of permeability variation, (b) effect of thermal conductivity variation (M = 1,& = 0.5).

obviously a significant change). However, the case of asymmetric heterogen-
eity is of interest when coupled with asymmetric heating. This situation has
been studied by Nield and Kuznetsov [8]. They found that for the case of
uniform heat flux boundaries, both permeability variation and conductivity
variation lead to a reduction in the value of the Nusselt number Nu, but for
the uniform temperature case the situation is more complicated. For the iso-
flux case and permeability variation alone, Nu is independent of the degree of
asymmetric heating as represented by a flux ratio 7, but in the case of conduct-
ivity variation Nu is strongly dependent on r and the degree of conductivity
variation. In the case of uniform temperature boundary conditions no fully
developed solution exists when both the property variation and the heating
are asymmetric.
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FIGURE 4.8
Temperature profiles for the case of isoflux boundaries and for the near Darcy limit, Da = 5x102:
(a) effect of permeability variation, (b) effect of thermal conductivity variation (M =1,& = 0.5).

4.1.2.4  Interaction between the effects of conductivity heterogeneity
and local thermal nonequilibrium

Nield and Kuznetsov [9] have considered the case of a parallel-plate channel
divided into core and sheath layers occupied respectively by two porous
media, of the same porosity ¢ and permeability K, and saturated by the same
fluid of thermal conductivity k¢, but with the solid thermal conductivity ks
being given by

ks =ksg for0 < |y*| <&H

(4.54a)
ks =ks foréH < |y*| <H

Some results are shown in Figure 4.10.
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FIGURE 4.9
Variation of Nusselt number with Darcy number: (a) effect of permeability variation, (b) effect
of thermal conductivity variation (M = 1,£ = 0.5).

4.1.3 Circular Duct

The analysis for the case of a circular duct (for symmetric property variation)
closely follows that for a parallel-plate channel, so we can omit most of the
details. Figure 4.1(b) is applicable. The boundary is now at * =R, and R
replaces H as the length scale used in dimensionless quantities. For example,
the Nusselt number is now defined as

2Rq//

Nuy=—"—
k(T — T

(4.54b)

The results in the following sections are all for the Darcy model.
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4.1.3.1 Isoflux boundaries
4.1.3.1.1 Continuous weak variation

We now consider the case where the permeability and thermal conductivity
distributions are given by

re 2
K:Ko{l—i-eK(K—g)}

re 2

k=kyil —— =
0{ “k(R 3>}

The velocity and temperature distributions, and the Nusselt number, are
given by

(4.55a,b)

i=K=1+e(r-3) (4.55)
T = —ANu{9G? — 1) + (e — ex) (4r® — 6r* +2)} (4.56)
Nu =8 (1+ Fex — Fer) 4.57)

4.1.3.1.2 Stepwise variation
Suppose that

K=K; and k=k for0< |yl <é&R (4.58a)
K=K, and k=k foréR <yl <R (4.58b)

The velocity and temperature distributions, and the Nusselt number, are
given by

=K forO<r<¢

) (4.60a,b)
fl2=K2 for$<r<1
. Nu|K K K
Ti= 26— D) + 2 (-262In6) + 2 (—£2 + 262 InE + 1)
T, = Nu ﬁ(l +2£%Inr —1%) — ﬁ@ézlm)
4 |k ko
(4.61a,b)
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) ) .
Nu = 8/{3;4& - 4g41ngﬁ + (482 — 4&* +8§41ns)@
k1 ko ko
I”<2
+(1 — 482 + 3% —4¢t 1“5)12_2 (4.62)
2

For the homogeneous case, I~<1 = I~<2 = 121 = 122 = 1, this expression reduces
to Nu = §, independent of the value of &, as expected.

4.1.3.2  Isotemperature boundaries
For the case of continuous weak variation

Nu =5.783 {1 + 0.243(ex — €1)} (4.63)

For the case of stepwise variation, the eigenvalue equation for Nu is found
to be

J1(318) [Yo()nz)fo(?»zé) —]o(Kz)Yo(?»zé)} _ kot (4.60)
Jo1&) [ Yo(A2)]1(A28) — JoA2)Y1(A28) | kynq
where
-\ 12
xiz(NZK) , fori=1,2 (4.65)

For the homogengous case, Kj=Kp,= 121 = 122 =1, one can check that
A1 =X =2.40483 = A (the smallest positive zero of Jp(x)) makes Eq. (4.64) an
identity in &, so that Nu = (2.40483)%2 =5.783 and

Mo(Ar)

T= N
2[1(2)

(4.66)

The results for the circular duct are closely similar to those for the
parallel-plate channel, the most prominent difference being that the Nusselt
numbers for the circular duct are higher than those for the parallel-
plate channel. This arises because of the additional weighting factor r
involved in averages for the case of circular geometry. For detailed results,
see [10].

4.2 Thermal Development
4.2.1 Introduction

In forced convection in a porous medium, hydrodynamic development is
not normally of importance. This is because the hydrodynamic development
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length is readily shown to be of order of magnitude (K/$)!/? and usually
this is very small compared with the channel width. In contrast, the thermal
development length can be much greater.

For the Darcy model one has slug flow and the classical Graetz solution for
thermal developmentis applicable. The following analysis is for the Brinkman
model. The additional effect of a Forchheimer term has not yet been treated.
The addition would involve an extra parameter but nothing fundamental
would be changed. An increase in Forchheimer number would produce a
more slug-like flow, and thus have an effect similar to that produced by a
reduction in Darcy number.

4.2.2 Walls at Uniform Temperature

4.2.2.1 Parallel-plate channel

For the steady-state hydrodynamically developed situation we have unidirec-
tional flow in the x*-direction between impermeable boundaries at y* = —H
and y* = H. The temperature on each boundary is held constant at the uni-
form value T,. At x* = 0 the inlet temperature Tj; is assumed constant and
uniform.

We now scale the longitudinal coordinate as

x*

X = 4.67
X Dol (4.67)
where the Péclet number Pe is defined as
H *
Pe = % (4.68)

The dimensionless form of the momentum equation (see Eq. (4.5)) is in this
case
d®u  u
M— —-—+1=0 4.69
a2 Da + (4.69)
The solution of Eq. (4.69) subject to the boundary condition u = 0aty =1,
and the symmetry condition du/dy =0aty =01is

cosh Sy
=Da|1l- 4.70
. “ ( cosh S ) (*70)
where
1 \12
S= 4.71
<MDa> (4.71)
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Further dimensionless variables are now defined by

u* T - T
ih=—, 0= 0 (4.72)
u* Tiw — T3
This implies that
. S cosh Sy
= 1-— 473
! S—tanhS( coshS) *73)

For the moment we assume local thermal equilibrium and that the Péclet
number is sufficiently large for axial conduction to be neglected. The steady-
state thermal energy equation then becomes

ﬁz_z _ 2272 (4.74)
Equation (4.15) holds with the heat transfer coefficient related by
q" =h(Ty =Ty (4.75)
Since here the wall temperature T}, is held uniform, it follows that
TE — T = (TE, — Thpe P (4.76)

where T, is the inlet temperature and the Biot number g is defined as

_hH

r (4.77)

B

The problem now is to solve Eq. (4.74) subject to the conditions

6=1ati=0, 6=0aty=1 do/dy=0aty=0  (478ab,)

Separation of variables, following the assumption that
0=E®Yy) (4.79)

leads to two linear and homogeneous equations for E and Y,

[1]

/+}\2

&3]

=0 (4.80)

Y +220Y =0 (4.81)

Equation (4.81) together with the homogeneous boundary conditions

Y (0)=Y(1) =0 (4.82)

© 2005 by Taylor & Francis Group, LLC



Forced Convection in Porous Media 167

defines an eigenvalue problem of Sturm-Liouville type with eigenvalues A,
and corresponding eigenfunctions Y, (y) forn =1,2,3,.... In particular,

Y/ +220Y, =0 (4.83)
The general solution of Egs. (4.79) to (4.82) is the series
o0
0= CnYu(y) exp(=13%) (4.84)
n=1

where the constants C,, are determined by the condition (4.78a). Since the
eigenfunctions satisfy the orthogonality condition

1
/ WYmYndy=0 ifm#n (4.85)
0
it follows that
1A
Y,d
- M (4.86)
Jo Y7 dy
If O, is defined by
T —T%
bm = o —— (4.87)
R FU
then it follows that
o0
O = / iio dy Z 7 XP(=4;%) (4.88)
— 1’1
where
1
Gn = / Ca)2iiY, dy = —C, Y/ (1) (4.89)
0

In obtaining the last equality the differential equation (4.81) and one of the
boundary conditions satisfied by Y; have been used.

Equation (4.75) leads to
-2 2 0 _}\'2 v
Nu= 22 22 Cn XP(—2ird) (4.90)
9m 3]/ Zn:l (Gn /)‘n) exp(—knx)
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This gives the local Nusselt number. The mean Nusselt number, averaged
over a length X, is

— 1 [ 2 1
Nu = :/ Nu d.?? = —= In (—) (491)
X Jo X Om

This mean Nusselt number can be expressed as

. 2H 4
Nu = q
kAT

(4.92)

where ATy is the log—mean temperature difference given by

1 (Th =T — (T, —Tx)
ATy = — T* —T*)dx* = — % "IN w__m 493
ml= /0 T =T = e e T — Tl

Equation (4.76) has been used to derive the last equality.

The eigenvalues and eigenfunctions can be obtained by a shooting method
(see[11]) and then the coefficients C;, and G;, can be obtained by simple numer-
ical integration of the integrals that are involved, and the solution is readily
completed. Results are presented in Figure 4.11. A careful inspection of the
figure reveals that the thermal entry length (the value of the longitudinal
coordinate at which the Nusselt number differs from its asymptotic value by
a given small amount) decreases slightly as Da increases. The results show
that the curves for Da = 1 or larger are effectively coincident with those
for infinite Da. We also see that the flow becomes fully developed thermally
when the dimensionless coordinate X becomes of order unity, that is when
x*/H = O(Pe), as expected. (Strictly speaking, the figure indicates that the
flow becomes fully developed when (¥/16)!/2 = 0.1.)

4.2.2.2  Circular tube

The analysis is much the same as that for the parallel-plate channel, so we
briefly note the changes. The boundary is now at * = rq.
We define dimensionless variables

x* uu*

¥ = , =—, = 4.94
X Peryg r 10 " Gr(% ( )
The Péclet number Pe is now defined as
k
Pe = % (4.95)
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Plots of (a) local Nusselt number, and (b) average Nusselt number, versus longitudinal coordinate,
for the parallel-plate channel problem, uniform temperature boundaries. The values displayed
on the right-hand side of the figure are the fully developed values (attained asymptotically as
X — o0) for the limiting cases of Da — 0 (slug flow) and Da — oo (plane Poiseuille flow).
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Now the dimensionless velocity (with unit mean) is

. S{lo(S) —Io(Sn)}

and the Nusselt number Nu is defined as

2 1
Nu=—2"09___ (4.97)
k(Ty —T%)
The Biot number g is defined as
2h
B = % (4.98)

Figure 4.12 presents the results found by Nield et al. [11].

4.2.3 Walls at Uniform Heat Flux

In the case of walls held at constant heat flux the wall boundary conditions
on the temperature deviation are not homogeneous, and this means that the
analysis has to proceed in two steps: first, the fully developed solution to the
problem must be found, and then the problem involving the perturbation
temperature can be tackled using the method of separation of variables.

Thus we now assume that the heat flux takes a constant value g on the walls.
We use the subscript FD to distinguish the solution of the full-developed
problem.

4.2.3.1 Parallel-plate channel
The dimensionless thermal energy equation is

d29FD 1 A
dy2 = —ENMFDM (4.99)

The solution of this equation subject to the boundary conditions

dé
—L0)y=0, 1) =0 (4.100)
dy
is
SNugp 1 2 cosh S — cosh Sy
bpp=——"-—1{-(1-— — 4.101
FD S—tanhS{4( ¥ 252 cosh S ( )
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FIGURE 4.12

Plots of (a) local Nusselt number, and (b) average Nusselt number, versus longitudinal coordinate,
for the circular tube problem, uniform temperature boundaries. The values displayed on the
right-hand side of the figure are the fully developed values (attained asymptotically as ¥ — o0)
for the limiting cases of Da — 0 (slug flow) and Da — oo (Poiseuille flow).

Substitution in the integral compatibility condition yields

125(S — tanh S)2

. (4.102)
253 — 155 + 15tanh S + 3Stanh~ S

NMFD =
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In order to tackle the thermally developing problem, it is convenient to work
in terms of a new dimensionless temperature 6, now defined by

T* —Tm _ 2(1-0)

= 4.103

Hg" /k Nu ( )
From integration of Eq. (4.15), one finds that
Tm — TIN -

- = 4.104

Hq”/k * ( )

From Egs. (4.103) and (4.104), by addition, and specification to the fully
developed case, one has

Tip—Tin | 2(1 —6m)
FD
—_—= R 4.105
Hq” / k r N UFD ( )
Here Tf, is the dimensional temperature corresponding to the fully
developed case.
We now introduce a perturbation temperature defined by

TH=T*— Ttp (4.106)
and define
T+
R — 4.107
Hq///k ( )

Since T also satisfies Eq. (4.13), it follows that

a0t 920t
h— = ——— (4.108)
X ay?
Moreover, we have the boundary conditions
Fleha a0t
—%,00=0, — &, 1) =0 (4.109)
ay dy
and the initial condition
200D — 1)
ot 0,Y)=—"——=— 4.110
Oy =———=-f® (4.110)

We can now proceed as above, but with the boundary conditions (4.82) for
the eigenvalue problem now replaced by

Y0)=Y(1)=0 (4.111)
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We obtain a solution of the form

0" =" CuYuly) exp(—13%) (4.112)

n=1

where now the constants C,, are determined by the condition (4.110).
At the wall,

T* —Tin > )
W R X D)+ Y CuYa(1) exp(—22% (4.113)
Tk f( n§:1j (1) exp(—13%)

It follows that the local Nusselt number is given by

2

Results obtained by Nield et al. [12] are presented in Figure 4.13.

4.2.3.2 Circular tube

The analysis is much the same as that for the parallel-plate channel, so we
briefly list the main changes.
In place of Eq. (4.99) one has

d%0pp  1d6pp
dr? r dr

The solution of this equation subject to the boundary conditions

dé
4@ =0, (1) =0 (4.116)

is

SNugp Ip(S) 2, 1o(S) —Io(51)
Orp = 1-r) - ——— 4.117
D= SIn(S) — 214(5) { g 47 s @17
Substitution in the compatibility condition
1
2/ rifppdr =1 (4.118)
0
yields
_ 2
Nugp = Po1OL®) —2h () (4.119)

(83 —249)[1p(S)]? + 48Iy(S)I1(S) + 8S[11(S)]?
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FIGURE 4.13

Plots of (a) local Nusselt number, and (b) average Nusselt number, versuslongitudinal coordinate,
for the parallel-plate channel problem, uniform heat flux boundaries. The values displayed on the
right-hand side of the figure are the fully developed values (attained asymptotically as X — co)
for the limiting cases of Da = 0 (slug flow) and Da = oo (plane Poiseuille flow).

For the thermally developing flow one finds that the Nusselt number is
now given by Eq. (4.114) with Y, replaced by R;, the eigenfunctions of the
eigenvalue problem

R'+1/HR +2%R=0, R(©) =R 1) =0 (4.120)

Results obtained by Nield et al. [12] are presented in Figure 4.14.
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FIGURE 4.14

Plots of (a) local Nusselt number, and (b) average Nusselt number, versus longitudinal coordinate,
for the circular tube problem, uniform heat flux boundaries. The values displayed on the right-
hand side of the figure are the fully developed values (attained asymptotically as X — oo) for
the limiting cases of Da = 0 (slug flow) and Da = oo (Poiseuille flow).

4.2.4 Local Thermal Nonequilibrium

We now consider the more general situation when there is no longer local
thermal equilibrium, for the case of a parallel-plate channel with uniform
temperature on the boundary walls. We assume that the Péclet number is
sufficiently large for axial conduction to be neglected. We also assume that
Tg and T} are governed by the steady-state heat transfer (energy) equations

1 =)V - (ksVTY) + he(Tf —T3) =0 (4.121)
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¢V - (kVT}) + he (T — T§) = (pcp)ev* - VTE (4.122)

Here hy is a fluid-solid heat transfer coefficient. We define
0f =Tf =Ty, O =T —Ty (4.123)
For the case of unidirectional flow in the axial direction, where the Darcy

velocity v* has the value u* in the axial direction, and when axial conduction
is neglected, Eqs. (4.121) and (4.122) reduce to

82
|:(1 - ¢)ksm - hfsi| 95* + hfsef* =0 (4.124)
82 * 0 * *
¢’ka — hgs — (pep)su Py Of +heby =0 (4.125)

Equations (4.124) and (4.125) must be solved subject to the wall boundary
conditions

0f =65=0 aty*=H (4.126)

the symmetry conditions

2907 96
L -5 0 aty*=0 (4.127)
dy*  Ay*
and the inlet condition
Qf* =6 atx*=0 (4.128)

We now introduce dimensionless variables. We take H as length scale and
0N as the temperature scale. We will present our results in terms of a Nusselt
number, the porosity ¢, and four other dimensionless parameters, namely a
Péclet number, Pe, a porous medium conductivity ratio, kr, and a solid—fluid
heat exchange parameter, 7, defined as follows:

Pe = U*H(pcp)s/ks, ky = ks/ks, n = higH? [keg (4.129)
where
kett = ¢kt + (1 — d)ks (4.130)
For convenience, we perform the algebra in terms of the parameters

N¢ = ¢/Pe, Ns = (1 — ¢)kr/Pe, Np =nl¢ + (1 — ¢)ke]/Pe  (4.131)
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We let

x = x*/PeH, y=vy*/H, ¢ = 0f /6N, 0s = 67 /0N (4.132)

We then get
[Nsd2/8y* — Ny16s + Ny = 0 (4.133)
Ny6s + [N£9?/8y* — Ny, — 19/9x16¢ = 0 (4.134)
=0 and 6;=0 aty=1 (4.135)
30¢/0y =0, 96s/0y =0 aty=0 (4.136)
6=1 atx=0 (4.137)

Since the differential equations (4.133) and (4.134) and the boundary condi-
tions (4.135) and (4.136) are all homogeneous, we can immediately separate
the variables. We write

6 = Fe ™%, 05 = S(y)e ™ (4.138)

Then we have an eigenvalue problem constituted by

NsS" —N,S+N,F=0 (4.139)
N¢E” — N,F + A20F + NS =0 (4.140)
F' ) =0, SO0=0, F1)=0, S1)=0 (4.141)

Here the primes denote derivatives with respect to y.
We denote the eigenvalues by A, and the corresponding eigenfunction pairs
by Fu.(y), Su(y) forn =1,2,3,.... In particular,

NiS” — NySp + NjpFy = 0 (4.142)
N¢F) — NyFy + A20F, + NSy = 0 (4.143)

For the local thermal nonequilibrium (LTNE) case we no longer have a
Sturm-Liouville system to deal with, but from Egs. (4.142) and (4.143),
and the corresponding boundary conditions, it is still easy to establish the
orthogonality result

1
/ iFyuFydy =0 ifm#£n (4.144)
0
It is noteworthy that the S, are not involved in this condition.
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The general solution of Eqs. (4.133) to (4.136) is the pair of series

0f = Z CnFu(y) exp(—)»,%x) (4.145)
n=1

0s =Y DuSn(y) exp(—15x) (4.146)
n=1

where the constants C,, are determined by the entrance condition (4.137).
Using the orthogonality condition (4.144) it follows that

co_ fol iF, dy

=20 (4.147)
fo iF% dy

With the solution for 6; completed, one can obtain 65 from Eq. (4.134). One
quickly finds that

Dn = Cn (4.148)

With the temperature distribution completely found, one can then compute
the heat transfer. Matching the heat flux at the channel wall gives

q" = ¢ke@T; /0y*)yr=ti + (1 — $ks AT} /3y *)yr—pt (4.149)
The Nusselt number is defined by
Nu = 2Hh kg (4.150a)
where, in turn,
h=q"/(Tw — Tp,es) (4.150b)

where the effective bulk temperature

1 H * * % * 1 H ~ * * *
L fO wPT] + (- 9T dy" = = /O MST? + (1 —¢)T(s :;1;/1)
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It follows that
Ny 2Ke@6e/3y)y=1 + (1= $)ks 365/ 0y)y=1)
ket Jiy 05 + (1 — $)6s] dy
23" CulepkeFly (1) + (1 — $)ksS,, (1) }e4i*

= i~ T > (4.152)
ket Zn=1 Cn [fo u{pF, + (1 — ¢)Sy} dy]e**""
where, from Egs. (4.142) and (4.143),
1 1 1
F,(1) = N Nh/ (Fn — Sy dy +/ /\%ﬁFn dy
f 0 0 (4.153a,b)

N 1
Si(1) = Nhfo (Fu — Sw)dy
S

In order to express our results in terms of k, we can also use

ki/kett = 1/{¢p + (1 — )k}, ks/kett = ke /{9 + (1 — d)kr} (4.154)

Nield et al. [13] solved the system of Eqs. (4.142) and (4.143), subject to the
appropriate boundary conditions (4.141), by reduction to a system of first-
order equations and shooting.

Some of their results are presented in Figures 4.15, 4.16, and 4.17. All these
results are for a porous medium of porosity ¢ = 0.5. In Figure 4.15 and
Figure 4.16 the value of Pe (=1) is fixed and there are presented, first for a
relatively dense porous medium (Da = 10~8) and then for a relatively sparse
one (Da = 1073), plots of the local Nusselt number versus the longitudinal
coordinate for representative values of the solid/fluid conductivity ratio k;
and the solid—fluid heat exchange parameter 7. In the case of fully developed
convection, the special cases ky = 1 and very large  each correspond to local
thermal equilibrium. One can observe that for the developing convection
situation there is a small LTNE effect apparent even when k; = 1. The most
prominent features shown in Figure 4.15 and Figure 4.16 are: (a) a variation
in the Darcy number has little effect on the Nusselt number, (b) the effect of
the variation of heat exchange parameter is small, and the direction of change
depends on the value of k;; as  decreases from large values; the trend is for
Nu to decrease if k; is small and for Nu to increase if k; is not small, and
(c) the Nusselt number decreases markedly as the solid/fluid conductivity
ratio increases.

In Figure 4.17 we present the effect of variation of the Péclet number. In
the case of local thermal equilibrium, the dependence on Pe is confined to the
scaling of the horizontal coordinate, but in the case of LTNE there is a further
substantial effect. For a given value of x = x*/PeH, the local Nusselt number
increases as Pe increases, and this effect is particularly large if the solid /fluid
conductivity ratio is small.

© 2005 by Taylor & Francis Group, LLC



180 D.A. Nield and A.V. Kuznetsov

a) 30
@ 30¢ E—
L ———-n=10
25 K s - =100
N
20 F>
Si5F
10
s T ===
[} S | M|
1072 107! 100
Y
() 30
25 F
20 F
S15F
10
SE
[ MR | M|
102 107! 100
X
c 30 -
© : e
L ———- =10
25 ——e— - n=100
N Da=1078
C k=10
20 ¢=05
L Pe=1
215F
10}

FIGURE 4.15

Plots of local Nusselt number Nu versus longitudinal coordinate x for various values of the
fluid-solid heat exchange parameter 1, and conductivity ratios (a) ky = 0.1, (b) kr = 1, (c) kr = 10.
All results are for porosity ¢ = 0.5, Péclet number Pe = 1, and Darcy number Da = 108,
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FIGURE 4.16
As for Figure 4.15, but for Da = 1073.
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FIGURE 4.17

Plots of local Nusselt number Nu versus longitudinal coordinate x for various values of the Péclet
number Pe, and conductivity ratios (a) kr = 0.1, (b) kr = 1, (c) kr = 10. All results are for porosity
¢ = 0.5, fluid-solid heat exchange parameter 7 = 1, and Darcy number Da = 10~3.
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4.2.5 Effects of Axial Conduction and Viscous Dissipation

The incorporation of the effect of axial conduction requires a major change
in approach (because of the upstream propagation of temperature changes).
However, once this change has been made it is also comparatively simple to
incorporate the effect of viscous dissipation.

For the steady-state hydrodynamically developed situation we have uni-
directional flow in the x*-direction between impermeable boundaries at
y* = —H and y* = H, as illustrated in Figure 4.18. For x* > 0 the (down-
stream) temperature on each boundary is held constant at the value T;,. For
x* < 0 the inlet (upstream) wall temperature Tjy; is assumed constant on each
boundary. We now use the notation
x* y* Hu*

. _r _ 4155
pei’ """ H YT om (4.155)

§

Local thermal equilibrium is now assumed. The steady-state thermal energy
equation is then

aT* 92T* 92T
pCpM*w =k <W + W) + ® (4.156)

where @ is the contribution due to viscous dissipation. The modeling of this
viscous term is controversial. The simplest expression, which is appropriate
to the Darcy equation, in the present case is

u*2

K

=4

(4.157a)

Nield [1,14] argued that the viscous dissipation should remain equal to the
power of the drag force when the Brinkman equation is considered, and in
the present case this implies that

2 2, %
pu* Ldou
b = K — UeffU W (4157b)
re=Ty MV =Ty
y* = H \
x*<0 x*>0
(upstream) (downstream)
—_— - - = = L e - - - - - - = =
0 x*
y*=-H

FIGURE 4.18
Definition sketch.
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On the other hand, Al-Hadhrami et al. [15] proposed a form that is compatible
with an expression derived from the Navier-Stokes equation for a fluid clear
of solid material, in the case of a large Darcy number, and in this case we have

) *\ 2
O = “1”2 Yu (j;*> (4.157¢)

In each case the added Brinkman term is O(Da) in comparison with the Darcy
term. Consequently, in the case of small Da the three models are effectively
equivalent to each other. In this survey the form (4.157a) alone is treated, for
simplicity. The other cases are discussed by Nield et al. [16].

In nondimensional form Eq. (4.156) becomes

90 1 3%  9%0

— = ——+ — + BrD(S, 4.158
Lry: Pe28§2+8n2+ rD(S,n) ( )

where the Brinkman number Br is defined as

*2H2
Br— —AH (4.159)
k(T — TedK
S cosh S — S cosh Sy 2
D(S,n) = 4.160
Sm [ S cosh S —sinh S i| ( )
The problem now is to solve Eq. (4.158) subject to the conditions
0 =1 atn=1 for £ <0
6, =0 atn=1 for £ >0
d6; .
% =0 at n=0 forallé (i=1,2) (4.16lab,cd.e)
01 =6 at £ =0for0<n<1
a6 a0
T2 g E=0for0<n<1
9& 0§

Equations (4.161d) and (4.161e) express the continuities of the temperature
and the heat flux at the entrance section & = 0. For infinitely large values of
|€|, the dimensionless temperature is the particular solution of the equation

920;
— = —BrD(S,n) (4.162)
an?

Following Lahjomri et al. [17], one can use a separation of variables method to
generate the general solution of Eq. (4.158) in the upstream and downstream
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regions satisfying the conditions (4.161a,b,c) and (4.162). This solution can be
represented by

O1(€,m) =14 ) Aufu(n) exp(A3) + BrF(S,n) for& <0
n=1

(4.163a,b)

o0

02(6,m) = Y  Bugn(n) exp(—p2E) + BrF(S,n) for& >0

n=1

(1/4)52(1 + 2 cosh? S — nz) + 2 cosh S(cosh S — cosh S) — (1/8)(cosh 251 — cosh 25)
F(S/ 77) = . 2
(Scosh S — sinh S)

(4.164)

The A, and B, are eigenvalues associated with the eigenfunctions f, and gy,
respectively, and the A, and B, are coefficients to be determined from the
matching condition (4.161d,e) (see below). The eigenfunctions f, and g, are
the solutions of the following differential equations:

df, A2
f + A2 [P—:z—u(n)]fn=o

dnz "
) ) (4.165a,b)
d -
d,fz" + By [% + u(n)] gn=0
satisfying the boundary conditions
2(0)=0 and f,(1)=0
fn(0) fu(D) (4.166a,b)

¢/ (0)=0 and g,(1)=0

From the matching conditions (4.161d,e), one obtains the following equations
determining the coefficients A, and By:

1+ ZAnfn(n) = Z Bngn(rl)
n=1

n=1

~ ~ (4.167a,b)
Z )\%Anfn ) =- Z ,Byzangn(U)

n=1 n=1

The eigenvalue problem constituted by Eqs. (4.165) and (4.166) is not of the
classical Sturm-Liouville type and so the usual orthogonality formula is not
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valid. However, as Lahjomri et al. [17] showed, the coefficients can still be
isolated from each other, and are given by the formulas

__ Jo [(32/Pe?) — it(m)] fudn
T [@2/Ped) — )] f2dn
5 _ Jo [B3/PA) + )] gudy
" L [@B2/Pe) + k)] g2dn

(4.168a,b)

For large values of the Péclet number (Pe — o0) and when S = 0 and Br =0,
the solution tends to the classical Graetz problem without axial conduction,
and one finds that 6;(¢,7n) tends to 1 (a uniform temperature profile in the
upstream region), as expected.

The dimensionless bulk temperature 6, ;(£) and the local Nusselt number
Nu;(&,n) (based on the gap width 2H rather than the hydraulic diameter) for
the upstream and downstream regions are given by

1
Bp,i(§) =](; iL(n)B;dn (4.169)

2[96;/3n1y—1

Nuyj = — =2 Tn=1
Op,i — [0ilp=1

(i=1,2) (4.170)

In particular, from Eqs. (4.169), (4.170), (4.165b), and (4.166b), the local Nusselt
number for the downstream region (¢ > 0) is given by

23521 Bugy (1) exp(—Fi€) +2BrF'(S,1)
021 B exp(—36) [ (81 (1/BD) + (B}/Pe2) [3 gu(n) dn] = Br [ anF(S,m) dy
(4.171)

Nup(§) =

where

3Ssinh Scosh S — §2 — 252 cosh? S
F'(S,1) = 4.172
&1 2(Scosh S — sinh 5)2 ( )

Again one can solve the eigenvalue system by reduction to first-order
equations and shooting. By this means Nield et al. [16] obtained results for
the downstream Nusselt number. First we consider the case in which viscous
dissipation is negligible (Br = 0). Plots of the downstream Nusselt number
are presented in Figure 4.19 and Figure 4.20. It is clear that an increase in
Da results in an increase of the thermally developing Nusselt number by a
comparatively small amount. (The increase is not surprising, since one would
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FIGURE 4.19

Plots of downstream local Nusselt number versus dimensionless axial coordinate, for the case
of negligible viscous dissipation and for small Darcy number, for various values of the Péclet
number.
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FIGURE 4.20

Plots of downstream local Nusselt number versus dimensionless axial coordinate, for the case
of negligible viscous dissipation and for large Darcy number, for various values of the Péclet
number.
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expect that a less restrictive medium would lead to greater convection.) The
Nusselt number for large ¢ is the fully developed value. The value 4.920 for
the case Da = 10> is close to the known value 4.935 (72 /2) for the Darcy flow
(slug flow) limit. The value 3.806 for the case Da = 1 is close to the known
value 3.770 for the plane Poiseuille flow limit.

In contrast, the developing Nusselt number is strongly dependent on the
value of the Péclet number Pe. The case of the large Pe number (Pe = 100)
illustrates the situation where the axial conduction term is negligible. As one
would expect, our results for this case agree with results based on our previous
analysis. In Figure 4.19 and Figure 4.20 the plot for Pe = 10 is not far from
that for Pe = 10°, but for smaller values of Pe the increase in the value of the
developing Nu (for a fixed value of &) is quite dramatic, the value varying
with 1/Pe approximately.

We now move on to consider the effect of viscous dissipation. Figure 4.21
and Figure 4.22 are for the case of very large Pe, where the effect of axial
conduction is negligible (and again for the small Da and large Da cases,
respectively). A feature of considerable interest is that even a small amount of
viscous dissipation (nonzero Br) leads to a jump in the fully developed Nuj; to
a value that is then independent of Br, and this effect is especially noticeable
in the case of the small Darcy number. (The jump is not too surprising when
one observes that the change from zero Br to nonzero Br changes Eq. (4.158)
from a homogeneous equation into a nonhomogeneous equation, and this

E Br=-100
125 - — — -Br=-10
1 E_ vt By = ()
Koo ———-Br=1
10 ;—\ [ —Br=10
9F ———= Br=100
8 Pe=10°
°F Da=107"
¢ TF
= (L 5.953
SE
E 4.920
4k
¥
3F
2F
1F
0: Ll Lol Lol
1072 107! 10° 10!

¢

FIGURE 4.21

Plots of downstream local Nusselt number versus dimensionless axial coordinate, for the case
of negligible axial conduction (large Péclet number) and for small Darcy number, for various
values of the Brinkman number.
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FIGURE 4.22

Plots of downstream local Nusselt number versus dimensionless axial coordinate, for the case of
negligible axial conduction (large Péclet number) and for large Darcy number, for various values
of the Brinkman number.

is analogous to changing a free oscillation problem into a forced oscillation
problem. Viscous dissipation provides a heat source distribution that persists
downstream [unlike the heat flux at walls subject to a constant-temperature
boundary condition, which decays downstream] and changes the nature of
the fully developed temperature distribution.) We also see a dramatic differ-
ence between the effect of positive Br and the effect of negative Br. The case
Br > 0 corresponds to incoming fluid being heated at the walls. The viscous
dissipation produces a (generally nonuniform) distribution of positive heat
sources, and this reinforces the heating effect as the fluid moves downstream.
As & increases the value of the Nusselt number passes through a minimum.
For very large values of Br the value of Nu changes only slowly with £. The
case Br < 0 corresponds to incoming fluid being cooled at the walls, and
this cooling at the walls is opposed by the heating due to viscous dissipation
in the bulk of the fluid. This opposition is particularly dramatic for the case
Br = —1, for which the difference between the wall temperature and the bulk
temperature changes sign at some value of £. This means that the Nusselt
number based on that difference becomes quantitatively meaningless, and
for that reason we have not plotted in our figures any curve for that value of
Br. For Br = —10 or less, the plots for Nuj are regular and exhibit a maximum
value at some value of &.

In Figure 4.23 and Figure 4.24 we present companions to Figure 4.21 and
Figure 4.22, for the cases of Pe = 1. When Pe = 1, the effect of axial conduction
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As for Figure 4.21, but with Pe = 1.
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FIGURE 4.24

As for Figure 4.22, but with Pe = 1.
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is more dramatic. It results in a significant increase in the variation of Nu, as
the flow develops. In particular, it results in Nuy becoming negative for small
values of &£ when Br is moderately large and negative. In the circumstance of
Figure 4.24 (Pe = 1, Da = 1) the jump in the value of the fully developed
Nusselt number as Br goes from zero to a nonzero value is very small.

The analysis just described has animportant limitation. The ansatz assumed
in writing down Eq. (4.163) implies that the temperature at a great distance
downstream is independent of the axial coordinate. This assumption is a
sensible one for a discussion of thermally developing flow. It is also a sensible
assumption to apply at the exit cross-section when using numerical model-
ing. However, it is not a good assumption when considering the limit as the
thermal convection becomes fully developed. In fact, it violates the First Law
of Thermodynamics when the viscous dissipation is not zero. Thus the jump
in the value of the fully developed Nusselt number as Br goes from zero to
a nonzero value should be regarded as an artifact of mathematical model-
ing. Likewise, not much should be read into the fact that the fully developed
Nusselt number for nonzero Br is independent of Pe (compare Figure 4.21
and Figure 4.23 with Figure 4.22 and Figure 4.24).

The foregoing analysis for a parallel-plate channel has been repeated for
the case of a circular tube by Kuznetsov et al. [18].

]
Nomenclature
Ay, By, coefficients
CE Forchheimer coefficient
cp specific heat at constant pressure
Cy coefficients
Da Darcy number, K/H 2 for a channel and K/ 1’8- for a circular tube
Fr Forchheimer number
applied pressure gradient (—dp*/dx*)
functions
heat transfer coefficient
half channel width

modified Bessel function of zero order
modified Bessel function of first order
fluid thermal conductivity

mean value of k

k/k

permeability

mean value of K

K/K

Heff/ 14

local Nusselt number

mean Nusselt number

pressure

Péclet number
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wall heat flux

tube radius

eigenfunctions for a circular tube
(M Da)~1/2

temperature

inlet temperature

bulk mean temperature

wall temperature

(T* — T3 /(Thy — T3)

uu*/GH? for a channel and pu*/ Gr% for a circular tube
filtration velocity

u*/u*

mean velocity

longitudinal coordinate

x/Pe

y*/H

transverse coordinate
eigenfunctions for a channel

Greek symbols

B Biot number
e, €k coefficients
& dimensionless coordinate for the layer interface (Section 4.1)
£ dimensionless axial coordinate (Section 4.2)
n interphase heat exchange parameter
0 (T -Ty) (T~ T})
b (To— To)/(Th — T5)
An eigenvalues
" fluid viscosity
wef  effective viscosity in the Brinkman term
I fluid density
0] porosity
L]
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Summary

A review of recent studies on the hydrodynamics and heat-transfer effects
of variable viscosity flows in saturated porous media is presented in the
restricted context of a liquid, whose viscosity variation is strongly depend-
ent on the temperature variation, flowing through porous media bounded
by solid wall(s) on one (flat plate) or two sides (parallel-plates channel).
Section 5.2 on Hydrodynamics unravels the effects of temperature-dependent
viscosity on the Hazen—-Dupuit-Darcy (HDD) model, and on the departure
from Darcy flow. This section also presents the need for fundamental modi-
fications necessary to correct both the viscous- and form-drag effects, leading
to the introduction of the Modified-HDD (M-HDD) model. Also, the inlet
temperature effects on the variable viscosity-affected transition parameter
are explained in detail. Influence of variable viscosity on the Nusselt number,
defined suitably for the chosen porous medium configuration, the power gain
in the pump used to maintain flow in a heated porous configuration, and other
aspects related to heat-transfer enhancements, are reviewed in Section 5.3.
Substantial effects on the local velocity variation but surprisingly small effects
on the heat transfer (Nusselt numbers) are the noteworthy outcomes of previ-
ous studies. Section 5.4 reviews the analytical efforts to address the problem
of both hydrodynamics and heat transfer in porous medium channels with
temperature-dependent viscosity flows. Before concluding, a brief section is
devoted on the experimental validation of the proposed models.

5.1 Introduction

What are the hydrodynamics and heat-transfer effects of variable viscosity
flows in saturated porous media? In this chapter, this question is answered
in the restricted context of a liquid, whose viscosity variation is strongly
dependent on the temperature variation, flowing through porous media
bounded by solid wall(s) on one (flat plate, Figure 5.1[al) or two sides (parallel-
plates channel, Figure 5.1[b]). The pressure-dependency of a liquid’s viscosity
is usually negligible and is not considered here.

The chapter is divided into three major sections. Section 5.2 enunciates
recent studies on the effects of temperature-dependent viscosity on the
Hazen-Dupuit-Darcy (HDD) model (also referred to as the Darcy-
Forchheimer model), and on the departure from Darcy flow. Here the review
of porous medium channel flows with temperature-dependent viscosity is
done in line with the historical development of the present-day HDD model,
from Darcy’s experiments (1856) to the ad hoc generalization to three dimen-
sions by Stanek and Szekely (1973) — which were all done essentially, with
porous channels. Section 5.3, titled Heat Transfer reports on the effects of

© 2005 by Taylor & Francis Group, LLC



Variable Viscosity Forced Convection 197

()

s
s 5

P Porous medium

| — TIsoflux or isothermal
L

(b) Isoflux

iyl
¢

Porous medium Dor

FIGURE 5.1
Schematic of (a) flat-plate bounded porous medium flow; (b) parallel-plates channel sandwiching
porous medium flows.

temperature-dependent viscosity on the Nusselt number suitably defined
for flat-plates and parallel-plates channel, bounding porous medium flows.
Section 5.4 explains the analytical perturbation models addressing the prob-
lem of both hydrodynamics and heat transfer in porous medium channels
with temperature-dependent viscosity flows. Before the conclusion, there is
a brief section on the experimental validation of the proposed models.

5.2 Hydrodynamics
5.2.1 HDD Model and Temperature-Dependent Viscosity

The presently accepted global HDD model (see Kaviany, 1991; Nield and
Bejan, 1992 and 1999) normally used to predict the global pressure-drop across
the channel of Figure 5.1(b), if it were to be filled with a porous medium is

AP w(T) 2
— =——U+ CyplU 5.1
L Ko + Cop 5.1

The subscript “0” in K and C signifies that these properties of the porous
medium are obtained from the results of isothermal flow experiments, where
the fluid viscosity is uniform throughout the channel, u(T) = u(Tin) = Kin.
Observe that the choice of Tj, value is irrelevant as long as the fluid is neither
heated nor cooled during the flow experiment.

To test the validity of the HDD model, Eq. (5.1), as such, in capturing the
temperature-dependent viscosity effects, we can perform a forced convec-
tion experiment through the channel shown in Figure 5.1(b), sandwiching a
low-permeability, high form-coefficient porous medium. Forced convection
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FIGURE 5.2

Thermo-physical properties of PAO with temperature, from Chevron (1981): y-axis numbers
represent values, which are normalized with respective properties at 20°C.

of a fluid with temperature-dependent viscosity u(T), entering the channel
with uniform temperature Ty and uniform longitudinal speed Uy, is achieved
through isoflux heating from the walls. The convecting fluid with strong
temperature-dependent viscosity is chosen to be the organic liquid PAO,
whose properties are given in Figure 5.2. In addition, as required by Eq. (5.1),
the permeability and form coefficient of the porous medium filling the channel
is assumed to be known. These values are obtained by using the same Eq. (5.1)
but with pressure-drop versus velocity data obtained from isothermal experi-
ments in which case, the viscosity is a constant. We use here and in the rest
of the chapter, Ko = 4.1 x 10710 m?2,Cp =12 x 10° m™ L.

Results from the forced convection “numerical” experiment with this
coolant at Ti, = 7°C, flowing through the porous channel of Figure 5.1(b), are
shown in Figure 5.3, for the heat flux ¢’ = 0.01 MW/m?. The performance
of Eq. (6.1) in predicting these experimental results, for what is essentially a
nonisothermal flow, is also shown in Figure 5.3. The relative absolute error,
[(AP/L)num — (AP/L)eq.5.1)|/(AP/L)num, between the experimental data and
the various predictions from Eq. (5.1) is also shown as in the inset.

All the results obtained by using Eq. (5.1), with an averaged viscosity
(obtained by various viscosity evaluation options involving the bulk
temperature of the channel — see Narasimhan and Lage, 2001a, for details),
evidently fail to predict the experimental results. Hence a suitable modi-
fication to the HDD model, Eq. (5.1), is required for nonisothermal porous

© 2005 by Taylor & Francis Group, LLC



Variable Viscosity Forced Convection 199

6
60 o
Relative 50
1 2 absolute o
5] . error (%) 40
B \\_ 30
4 20
10

T T T T 0
20 40 60 80 100
U(X 103 m/sec) n

AP/L (MPa/m)
w
I
o

T, = 7°C
q"=0.01 MW/m?
o num
— Ty
=== (Tyyg)
— K

0 — - 1 - - - T T T 1 T T T T T T T
0 20 40 60 80 100
U (X1073 m/sec)

FIGURE 5.3
Longitudinal pressure-drop versus cross-section averaged velocity: comparison of numerical
results with predictions by Eq. (5.1) for various viscosity alternatives.

medium flow situations to include the variable viscosity effects in the accurate
determination of the global pressure-drop.

5.2.2 The HDD Model and Velocity Profiles for Temperature-Dependent
Viscosity

To better understand why the HDD model, Eq. (5.1), fails for temperature-
dependent viscosity, let us retrace its evolution from the differential
counterpart and in the process, try to suggest modification of Eq. (5.1)
that incorporates the temperature-dependent viscosity effects into it. The
general macroscopic differential mass, momentum, and energy conservation
statements for the porous channel flow of Figure 5.2 are, respectively,

V.u=0 (5.2)

0=—-Vp— [&} u— pColuju (5.3)
Ko

pepu - VT = ke V2T (5.4)

The absence of the convective inertia and Brinkman terms in the momentum
equation, Eq. (5.3), is in accordance with the low-permeability (Kp) and high
form-coefficient (Cp) porous medium assumption made earlier.
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For isothermal porous medium channel flows, the velocity profile (local
velocity variation along y-direction, u(y), in Figure 5.1[b]) mimics a slug flow
profile. Hence, barring the entrance effects that normally subside well within
a short channel length, the local velocity u(y) everywhere inside the channel
is identical to U, the channel cross-section averaged longitudinal velocity.
This fact allows us to integrate the differential HDD model, Eq. (5.3), easily
for the entire channel, resulting in the global HDD model, Eq. (5.1). However,
while doing so, we have assumed the local viscosity to be uniform everywhere
inside the channel. In other words, the viscosity in Egs. (5.1) and (5.3) are the
same, evaluated at a suitable reference temperature, usually the inlet temper-
ature. However, when the channel is heated/cooled, the spatial variation of
fluid viscosity distribution distorts the velocity profile in the x-direction as the
fluid flows along the channel, thus affecting the energy transport equation.
The resulting altered temperature profile from the energy equation affects
in turn, the local fluid viscosity, owing to the coupling between energy and
momentum transport equations.

Using PAO as the convecting liquid through the channel, upon heating, the
viscosity of PAO flowing near the heated channel wall will reduce markedly
than the centerline (see Figure 5.4). For holding the same pressure-drop across
the heated channel, since the viscosity is reduced everywhere (the average
viscosity of the heated channel is less than the isothermal constant viscosity),
we can expect an increase in the average velocity of the channel (as the local

(@) q” 001 005 0.01
Lo | u00105| 0.1 0.05

Py d

ol g, l—10% 15% ! — 10% —I
Entry Mldpldl’le Exit 0.1
® ,u() ¢'=0.01 0.05 0.11.0 0.5 g 0.01 0.05[ 1.0 0.5
u(y)
o g, 1 10% K 10% l . 10% ——]
FIGURE 5.4

Channel velocity profiles for several heat fluxes (77 values in MW/m?): (a) low (Up =
1x1073 m/sec) and (b) high (Ug =1 x 102 m/sec) velocities.
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velocity would have increased everywhere). In other words, for the same
longitudinal pressure-drop, we expect an increased discharge for viscosity
reduction.

In the numerical experiment, constant average velocity (same mass flow
rate) is imposed (see Narasimhan and Lage, 2001a), and hence the velocity
profile behaves in the fashion shown in Figure 5.4 (i.e., vary about a mean
velocity value), with a consequent reduction in the longitudinal pressure-
drop. Notice also the stretch and shrink in the velocity profile, along the length
of the channel. As the fluid progressively gets hotter along the length of the
channel, the viscosity reduces and hence velocity profiles distort (from slug
flow) continuously with a resulting stretch in the distorted velocity profiles.
However, when the local viscosity has reduced to a very low (limiting) value,
further heating would result in the complete obliteration of the global viscous-
drag and Eq. (5.1) will be governed more by the form-drag term alone. These
result in a shrink in the profile, an indication of the approach back to the slug-
flow profile. Notice, this effect can be achieved either by heating sufficiently
a local cross-section in the channel or by having a sufficiently long channel
heated with a constant heat flux, with the stretch and shrink resulting along
the channel. The velocity profiles in Figure 5.4 amply portray both of these
effects (see also Narasimhan et al., 2001b).

5.2.3 Limiting Case of the HDD Model

Notice in Eq. (5.1), viscosity is present only in the linear term. With the forced
convection experiments that led to Figure 5.4, for further higher heating, we
would expect the viscosity variation to affect only this linear viscous-drag
term. Therefore, for liquids like PAO, we may infer, when g — oo, viscosity
w — 0 and hence the viscous-drag term in Eq. (5.1) may be neglected to read

AP

Equation (5.5) is for a limiting case. The physical situation akin to this model is
a flow with small, nonzero positive local viscosity that renders, in Eq. (5.1), the
global viscous-drag term negligible in comparison with the global form-drag.
It is important to remember that when viscosity is zero (u = 0), there is no
drag on the flow because of the porous medium. The fluid is ideal, and hence
the flow is inviscid (recall, inviscid flow requires (uV?u) = 0; this can happen
even for u # 0, with V?u = 0) and should not experience any drag, form or
otherwise.

5.2.4 Modified-HDD Model for Temperature-Dependent Viscosity Flows

Obviously, the local viscous-drag term, second term in the RHS of Eq. (5.3),
is affected when the fluid is heated and the velocity profile is no longer flat.
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Moreover, the local velocity influenced by the local viscosity alters also the
local form drag as it depends on the local velocity. Particularly, when u is
only a function of y, the unidirectional differential equation (5.3), written with
uniform viscous- and form-coefficients oy = ro/Ko and By = pCp, becomes

0 T
—% = (%) aou(y) + Bou(y)? (5.6)

with po being the fluid dynamic viscosity evaluated at the inlet temperature
To. An algebraic representation is obtained by the cross-section averaging of
Eq. (5.6), that is,

1 M dpw) B 1 (Hw 17,
(E/o —Wdy>—ao (ﬁ/o o uy)dy | + Bo E/(; u(y)-dy

(5.7)

The first term of Eq. (5.7) can be replaced by the cross-section averaged
quantity dP/dx. In the second term, since w(T) is also a function of y, similar
averaging is not that simple while for the third term it cannot be done as the
integral of u(y)? does not equal HU? when u is function of y. This last observa-
tion is interesting because, it yields the quadratic term indirectly dependent
on the fluid viscosity, something not anticipated by the form of Eq. (5.1).

Proceeding to obtain an algebraic representation of Eq. (5.6) we now average
Eq. (5.7) along the channel length L to obtain

1 (L ap 1 (L1 H D
Z[O —ad?(—a()z‘/(; (H‘/(; Wu(y)dy dx

+ 1fL 1fH 2dy | d (5.8)
ﬁozoﬁou(y)yx )

Integrating the first term of Eq. (5.8) leads to AP/L. The second and third
integrals cannot be resolved because the integrands are functions of x, and
we cannot resolve the integrals unless we know the temperature and velocity
variations in x and y. Equation (5.8) has to be suitably altered to fulfill the
experimental need for an algebraic representation of the pressure-drop versus
the fluid speed in terms of global, cross-section averaged quantities, which
can be easily measured in experiments. This is done by the introduction of
two new coefficients, namely ¢, and ¢c, defined as

. — D JE (s o)/ uouty) dy) dx
Mmoo u
/D) fy (A/H) 3 u(y)? dy) dx
lc = e

(5.9
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allowing us to rewrite Eq. (5.8) as

AP u
4 = (K—g> U + ¢c(pCo)U? (5.10)

The algebraic model presented in Eq. (5.10) retains the same form of Eq. (5.1)
describing the transport of fluids with temperature-dependent viscosity
through porous media. The coefficients ¢, and {c represent the lumped
local effect of temperature-dependent viscosity and the effect of viscosity
on the fluid velocity profile, respectively. Obviously, for uniform viscosity
(no heating), {, =¢c=1 and Eq. (5.1) is recovered. Comparing Eq. (5.10)
with Eq. (5.1), it is apparent that the inappropriateness of the global HDD
model, Eq. (5.1), is because it is unable to capture the indirect viscos-
ity effect on the global form-drag term, a term originally believed to be
viscosity-independent.

In Figure 5.5, the M-HDD model, Eq. (5.10), is tested using the numer-
ical results for various heat flux values. In the first situation envisioned, the
form-coefficient correcting factor {c equals unity, and curve-fit the numer-
ical results with the corresponding Eq. (5.10) determining the value of ¢,
that yields the best curve-fit. The result is presented as the dashed curves in
Figure 5.5. This first trial is done to isolate the temperature effect on the fluid
viscosity (the effect responsible for ¢,). Then, we consider a curve-fit to the
numerical results allowing both ¢, and ¢c to vary. The results are also shown
in Figure 5.5 as the continuous-line curves. It is evident from Figure 5.5 that
model (5.10), with ¢, and ¢c different from unity, satisfactorily correlates the
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FIGURE 5.5
Verification of one (¢, ¢{c = 1) and two (¢, ¢c) coefficients model, Eq. (2.22).

© 2005 by Taylor & Francis Group, LLC



204 Arunn Narasimhan and José L. Lage

numerical results. Setting ¢{c = 1, does not yield good curve-fitting result.
Moreover, the curve-fit using {c = 1 deteriorates when the heat flux is
between 0.01 and 1.0 MW/m?. The maximum deviation is found to be as
high as 20% when using the model with ¢c = 1, and only 3.8% when using ¢,
and ¢c (see Narasimhan and Lage, 2001a, for more details).

5.2.5 M-HDD Model Coefficients

Figure 5.6 presents ¢, and ¢c, for several heat flux values, leading to the best
curve-fit results of Figure 5.5. Observe by following the circles, for increasing
heat flux, ¢, reaches zero asymptotically, beyond g” ~ 0.5 MW /m? (circles).
The region beyond this heat flux values, where ¢, ~ 0, is referred as the null
global viscous-drag regime, as shown in Figure 5.6. As it is difficult to precisely
identify the switch by ¢, from nonzero (positive) to zero value, it is presented
as a transition region. Based on these results, predictive empirical relations
for correcting the viscous- and form-drag terms, complementing the algebraic
global (M-HDD) model, were obtained by Narasimhan and Lage (2001a), as
functions of the surface heat flux,

Q// 0.325 1 18.2 ol 0,06
we|i-(e) |(Fe)  emreetoger em

2
O
= A __A
s A T T .
T A .
. r
a Null
T s R RRRECEEE global . .. ... ...
viscous-drag
. s regime
\\ i
1 ¢
0519 & ;
o o
s So | SO n
0 ——@——=====- - ®
-5+ 777777
0 0.2 0.4 0.6 0.8 1 1.2
q" (MW/m?)
FIGURE 5.6

¢u and ¢ for several heat fluxes.
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with the nondimensional Q" given by

/"

v q
Q= (ke/KoCo) o

du

T (5.12)

To

Notice in Eq. (5.12) that the viscosity, 1o, and its derivative are evaluated at the
inlet temperature Ty. In other words, the parameters necessary to estimate
the dimensionless group in Eq. (5.11), using Eq. (5.12), are already known,
once we perform the isothermal pressure-drop experiment to determine Ko
and Co. Therefore, for a heat flux input 4", by using Eqs. (5.11) and (5.12), we
can estimate the viscosity variation effects from the M-HDD model, Eq. (5.10),
on the total pressure-drop along the channel.

5.2.6 Hydrodynamics of Temperature-Dependent Viscosity Channel Flows

A summary of the fundamental implications of temperature-dependent
viscosity effects on the global porous media flow models is presented in
Figure 5.7. The uppermost curve is for a nonheating (uniform viscosity)
configuration, where the HDD model, Eq. (5.1), is fully valid. When the heat
flux is progressively increased (following the block arrow) we immediately
getinto a viscous-drag and form-drag regime. Here, due to the nonuniformity
of the velocity profile (a result of spatially varying local viscosity), both the
global viscous- and form-drag terms are affected. That is, the coefficients ¢,
and ¢c of the M-HDD model, Eq. (5.10), take nonzero positive values (§, < 1
and ¢c > 1).

3
Uniform viscosity limit h
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FIGURE 5.7

Summary of the hydrodynamics of temperature-dependent viscosity flows through heated
porous medium channels.
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This regime is then followed by a transition beyond which a form-drag
regime is achieved where only the form-drag term is affected by the viscosity
variation. Notice the interesting aspect of this transition, which is similar but
not identical to the transition from Darcy flow achieved even in unheated
flows (constant viscosity) by merely increasing the flow speed. Both these
transitions make the flow form-drag dominant, that is, the pressure-drop is
balanced (more) by global form-drag. However, the transition by heating
makes it even more so, because it almost entirely nullifies the viscous-drag
term. Recall, in the constant viscosity case, we simply neglect the viscous-
drag term (but is always present) in comparison with the form-drag term that
gains magnitude for higher velocities.

Moreover, transition by heating can happen for a particular velocity (notice
in Figure 5.7, the curve drops vertically) even well within the Darcy flow
limit of the constant viscosity flow. This suggests that a Darcy flow can be
made to become form-drag dominant at practically any speed, by merely
sufficiently heating the fluid. This gives an interesting new perspective on
the departure from Darcy flow in light of temperature-dependent viscosity
effects, discussed in Section 5.2.7.

Proceeding with Figure 5.7, finally, when the heat flux is large enough, the
viscosity effect on the form drag becomes negligible and the fluid velocity
profile becomes uniform again. At this limit, the flow becomes essentially
independent of viscosity effects and the plot of global pressure-drop versus
average fluid speed reaches a minimum. Further heating will have no hydro-
dynamic effect through viscosity. This limit (at which {c = 1 and ¢, = 0) is
termed the heating form-drag limit, as the global form-drag becomes independ-
ent of the viscosity effect. For this limiting case, the longitudinal pressure-drop
will be equal to the form drag when the channel is not heated. In other
words, this limit can be predicted by the simple equation, Eq. (5.5). Notice
that this result, as shown earlier, can be obtained from the HDD model,
Eq. (6.1), itself. Moreover, this result is fundamental in nature — true for
all fluids with viscosity inversely dependent on temperature — and of great
practical importance, as it sets an upper bound for the magnitude of the
reduction in the global pressure-drop achievable by heating a fluid with
temperature-dependent viscosity.

Thelast assertion, Eq. (5.5), sets alimitation on the analogy between Hagen—
Poiseuille flow through capillary beds and flow through porous media, for
flows with temperature-dependent viscosity. In Hagen—Poiseuille flow, the
pressure-drop decreases without limit, with an increase in the heat flux. In
porous medium flow, the decrease in pressure-drop by increasing the heat
flux is limited by the ever-existing pressure-drop caused by the form drag.

5.2.7 Transition from Darcy Flow

For an isothermal flow through the porous channel of Figure 5.1, with D¢, =
pCoU? representing the global form-drag and D,, = woU/Kp, the global
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viscous-drag (with viscosity evaluated at the inlet fluid temperature, that is,
o = w(To = Tin)) acting within the porous medium, the global HDD model,
Eq. (6.1), reads

AP _ w(Tin)

U + pCoU? = D, + Dc, (5.13)

Here AP/L|y refers to the pressure-drop across the channel for isothermal
flows.

It is widely understood that the flow through porous media is characterized
by two distinct regimes (see Dullien [1979] and Nield and Bejan [1992] for
further details). The transition from linear Darcy flow (i.e., AP/L|p ~ D,,) to
the nonlinear flow (i.e., AP/L|y ~ Dc,), is estimated using the parameter A,
the ratio of global form-drag and global viscous-drag forces along a porous
channel with uniform cross-section, defined using scaling arguments in Lage
(1998). It is given by

(5.14)

s - formdrag D¢, [ pCoKo u
~ viscousdrag Dy, o

where Ko and Cp are the permeability and form coefficient of the porous
medium obtained from isothermal experiments and U is the cross-section
averaged Darcy (or seepage) fluid speed. The parameter A should not be
confused with the Reynolds number, as the latter is dependent upon a single
length scale independent of the hydraulic properties (Ko and Cp) of the porous
medium.

From Egs. (5.13) and (5.14), when A > 1, the flow is said to have departed
from Darcy flow, into the quadratic-flow regime. The tacit assumption behind
the use of A parameter for establishing the transition criterion is that the global
HDD model, Eq. (5.13), is fundamentally valid for the flow configuration
considered.

The increase in A is prompted by the increase in U, the flow velocity.
However, A can be increased by another means as well. Decreasing the
viscosity by heating the channel flow would result in the increase of A for
a liquid whose viscosity decreases with increasing temperature. However,
as seen in Section 5.2.6, in this situation the HDD model is no longer valid.
Hence, it is imperative we study the transition from Darcy flow, utilizing
the M-HDD model, Eq. (5.10). Using the drag terminology introduced earlier
with Eq. (5.13), the M-HDD model reads

AP 7
T =y (K—g) U + ¢c(0Co) u? = ¢uDyy + ¢cDc, = Dy, + Dc (5.15)

The global pressure-drop results of Egs. (5.13) and (5.15) are for the constant
(and uniform) viscosity and variable viscosity cases, respectively. We can
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define a nondimensional pressure-drop through the ratio between them,

_@PL) Dy, Dc
" (AP/Dly  (Dyy+Dc,) | (Dyy +Dcy)

=d,+dc  (5.16)

This nondimensional pressure-drop quintessentially highlights the viscosity
variation effect, as it compares the pressure-drop obtained by considering
viscosity variation, Eq. (5.15), to that of uniform viscosity, Eq. (5.13). For the
case of a fluid flowing with uniform viscosity then ¢, = {c = 1, and, from
Eq. (5.15), AP/L equals AP/L|y, thus yielding ® = 1 from Eq. (5.16). Using
Egs. (5.14) to (5.16), we can recast Egs. (5.13) and (5.15), respectively, as

1 A
= =1 17
®=arn T arn 617)
and
1 A
® =L (m) +ic (m) 6.18)

Figure 5.8 displays the viscosity effects on the transition with increasing
heat flux (for 0 and 0.10 MW /m?), for an inlet temperature of 21°C. The con-
tinuous line that starts from close to zero on the y-axis and increases for
higher A values, represent the corresponding global form-drag value (®¢,).
This pair portrays the gaining dominance of the nonlinear, form-drag effect as
A increases. Furthermore, the curves cross for A = 1(At), marked in Figure 5.8
with a square, representing the equivalence in strength of the drags. Beyond

FIGURE 5.8
Shift due to heating (7" = 0.01 MW/m?) in the transition point for Ty, = 21°C.
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this point (i.e., for all higher velocities) the global form-drag predominates.
For any velocity (1), the sum of these corresponding drag values (®,,, + ®c,)
will give the total nondimensional pressure-drop experienced by the flow
across the channel (® = 1) for the no heating, constant viscosity case, rep-
resented by the horizontal continuous thick line at unity, in the y-axis. This
result, a direct consequence of the scaling used in Eq. (5.17), clearly suggests
that there is no viscosity variation effect on the total pressure-drop.

The dash-lined curves represent cases for ¢/ = 0.1 MW/m?. For heating
with ¢” = 0.1 MW/mz, (n = u(T)), the global viscous-drag reduces from its
no heating value (continuous curve, ®,,) to the dashed curve ®,,,, and a
corresponding increase takes place in the form drag (compare curve ®c, to
®c, ) Similar to the explanation given for the constant viscosity case, in the
previous paragraph, the sum of the viscosity influenced drags (¥, +®c,)
give the total pressure-drop (®o 190 < 1), represented by the dash-lined curve
®.10 just below the top horizontal line, marked with u = w(T). In other
words, following the vertical block arrows, the net result of variable viscosity
is to reduce the pressure-drop, as expected.

Someimportant observations that arerelevant to the above events of heating
with g” = 0.1 MW /m? are: (1) in contrast to the global form-drag, the global
viscous-drag starts reducing immediately, even for low velocities; (2) the
global form-drag slowly increases; and (3) the viscosity influenced drag curve
pairs meet at an earlier point (in terms of 1) when compared to the constant
viscosity case (A = 1). Specific to the results displayed in Figure 5.8, the
location of the transition for 4" = 0.10 MW /m? happens around A ~ 0.57.

Clearly, observation (1) is a direct consequence of the presence of the vis-
cosity in the global viscous-drag term. Since it is getting reduced because of
heating, the global viscous-drag starts to decrease immediately. The increase
in the form drag, as noted in observation (2), is unexpected. It is caused
primarily because of the nonuniformity of the velocity profile, a consequence
of the variation in the local viscosity everywhere inside the channel. These
two observations are promptly captured in the correction coefficients of the
M-HDD model, Eq. (6.15) (i.e., ¢, < 1and ¢c > 1).

In observation (3), the shift in the transition point, is of particular interest to
us. Itresults as a combination of the two earlier observations of the direct influ-
ence of viscosity reduction with temperature and of the change in the global
form-drag. It is worthwhile at this point to note that the use of a Reynolds
number, as explained in connection with Eq. (5.14), will invariably fail to
provide us with correct information about the transition point. The transition
point for fluids with viscosity decreasing with temperature occurs at lesser
and lesser velocity values as the heat flux increases. As the local viscosity
decreases further, for sufficiently higher heat fluxes, the effect of the global
viscous-drag would become so negligible that the flow practically is always
form-drag dominant.

In general, for a particular heat flux crossing the channel wall, for a chosen
velocity (&, in the figure) the fluid can be in linear (viscous-drag dominant) or
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nonlinear (form-drag dominant) regime based on the fluid inlet temperature
(see Narasimhan and Lage, 2002). Further, as the heat flux increases, the
transition, for fluids with viscosity decreasing with temperature, occurs at
lesser and lesser velocity values. As the local viscosity decreases further, for
sufficiently higher heat fluxes, the effect of the global viscous-drag would
become so negligible that the flow practically is always form-drag dominant.
This conclusion is particularly useful from an engineering standpoint.

5.2.8 Prediction of Transition in Temperature-Dependent Viscosity Flows

From the definition given in Eq. (5.14), it is clear that A assumes the validity
of the HDD model, which in turn requires uniform viscosity flow. However,
when the HDD model is superseded by the more general M-HDD model,
Eq. (5.15), which accounts for temperature-dependent viscosity effects, it fol-
lows that the transition point happens only when the global drag terms of
Eq. (5.15) are comparable. In other words, we must use the balance of the two
drag terms on the RHS of Eq. (5.15) instead of Eq. (5.13). Doing so

¢uDpy ~ ¢cDcy (5.19)
would result in
Al = 2 (5.20)
&c

Equation (5.20) gives the Arl,(r), beyond which the flow becomes form-
drag dominant for flows with temperature-dependent viscosity effects. Since
{u < land ¢c > 1 always (see Egs. [5.11] and [5.12]), the transition point for
temperature-dependent viscosity flows, as predicted by Eq. (5.20), is always
less than that for the constant viscosity case (i.e.,, Ar = 1).

In addition, for uniform viscosity, that is, when we do not heat the channel
(" =0), ¢, and ¢{c areidentically equal to unity, as seen earlier. This makes the
prediction of Eq. (5.20) consistent with the previous result, that is, Arl, ) =
At = 1. Recall that the previous result (of A ~ 1 for transition to begin) is
obtained by using the equivalence of drags in the HDD model, Eq. (5.13).

Figure 5.9 depicts the variation of Ar|,r) with heat flux, for different inlet
temperatures. The curves show how for increasing heat flux the transition
point is shifted (from 1, for constant viscosity — no heating — case) to values
less than 1, when temperature-dependent viscosity effects are included. It
is worth noting that irrespective of the inlet temperature of the flow, if we
assume viscosity is constant, Ar|,r) is always equal to unity. Immaterial of
the amount of heating, once the properties (here, viscosity) are assumed con-
stant, the HDD model (momentum equation) gets de-coupled from the energy
transport equation. However, for heating, with a particular heat flux, we can
observe from Figure 5.9 that the flow with Tj, = 7°Cbecomes form-drag dom-
inant earlier than for other higher inlet temperatures. In addition, the flow
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FIGURE 5.9
Transition parameter versus heat flux.

with Ty, = 7°C asymptotically reaches zero for g”>1.0 MW /m?. This means
temperature-dependent viscosity effects on the viscous-drag term makes it
practically equal to zero (i.e., in Eq. [5.20], Ar|,) — O as the numerator
¢ — 0). This makes the flow purely form-drag dependent (notice the use of
the word "dependent" as against the original "dominant") for all higher heat
fluxes. Moreover, this assertion, as shown in the figure, is theoretically true
for g” — oo immaterial of the inlet temperature, once we assume throughout
the heating the flow remains in the liquid phase.

Further, although the temperature-dependent viscosity effect cannot affect
the global viscous-drag term anymore, it is not restricted in influencing the
global form-drag. The global form-drag can still be influenced by the velo-
city profile variation caused by the local viscosity variation (i.e., {c can
still be a nonzero positive number). This effect, as we saw in the earlier
sections, is the main claim of the M-HDD model. It can be viewed as a funda-
mental signature to the physics of flow through porous media, by fluids with
temperature-dependent viscosity.

5.3 Heat Transfer
5.3.1 Nusselt Number

Reconsider the problem of PAO, with temperature-dependent viscosity .(T),
flowing through a channel of length L formed by two parallel isoflux sur-
faces, spaced by a distance 2H (or D), and filled with a low-permeability
porous medium, as was shown in Figure 5.1(b). PAO enters the channel with
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uniform temperature Ty and uniform longitudinal speed Uy. We define two
nondimensional heat-transfer coefficients, one the local (can vary along the
channel) Nu, and the other, Nuj, as an overall heat-transfer coefficient that
represents the heat transfer in the entire channel, respectively,

qu//

Nu = 5.21

" kel Tw (0 — To)] 621

N = — 21 (5.22)
ke [T = Ty, |

In Egs. (5.21) and (5.22), 4" is the constant heat flux from the surfaces of the
channel (Figure 5.1[b]); Ty in Eq. (5.22) is the wall temperature averaged over
the length L of the channel and k. is the effective thermal conductivity, which
based on the chosen porous medium, is suitably evaluated using one of the
existing models (see Kaviany, 1991).

For fully developed (see discussion of Nield and Bejan, 1992, p. 57), Darcy
flow with constant viscosity, the Nusselt number in Eq. (5.21) can be obtained
from Rohsenow and Hartnett (1973) for parallel-plates porous channel as
equal to 4.93, when the wall temperature Ty is constant and equal to 6, when
the heat flux q” is constant. Even though it is commonly used, observe that
the local Nusselt number, Nu, Eq. (5.21), is defined in terms of the local
wall temperature and the local fluid bulk temperature — a value, as poin-
ted out earlier, difficult to measure accurately. By implicitly assuming fully
developed flow, and applying the First Law of Thermodynamics for the chan-
nel of Figure 5.1(b) to find the channel length averaged bulk temperature, we
can find a useful relation between Nu and Nu; as

1
~ (1/Nu) + (L/AHZ)Pre)

Nuj, (5.23)

5.3.2 Temperature Profiles for 1.(T) in Porous Media

Before proceeding to check how the Nusselt numbers defined in Section 5.3.1
behave for temperature-dependent viscosity flows, we will first study the
temperature profiles. We discussed earlier, in Section 5.2.3, the effect of
increasing the wall heat flux on the local (at mid-channel, i.e,, x = L/2, and
at the end of the heated section of the channel, i.e., x = L) longitudinal fluid
speed, u, profile, for a chosen minimum and maximum inlet fluid speed (see
Figure 5.4). The temperature profiles corresponding to these velocity profiles
are shown in Figure 5.10.

Interestingly, for heating the PAO flow, Figure 5.10 reveals a very modest
effect of temperature-dependent viscosity on the temperature distribution
along the channel, even though the velocity profile is dramatically altered
as shown in Figure 5.4. In fact, the shapes of the fluid temperature profiles
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Channel temperature profiles for several heat fluxes (7" values in MW/m?): (a) low (U =
1x1073 m/sec) and (b) high (Up =1 x 10~2 m/sec) velocities.

obtained by heating the fluid with uniform viscosity (shown with dashed line,
for u = po) are preserved along the channel. Particularly in Figure 5.10(a),
deviations from the no heating results are observable only when the wall
heat flux equals 1.0 MW/m?. Results for the maximum inlet fluid speed,
Figure 5.10(b), show a slower increase of the fluid temperature along the
channel, than the temperature profile for the uniform viscosity case. This
effect is apparent at wall heat flux values of 0.1 MW /m? or higher.

When combined with the velocity profiles of Figure 5.4, we can infer more
on the stretch and shrink effect discussed in Section 5.2.3. Recall that the inlet
velocity profile remains unchanged (slug-flow profile) throughout the entire
channel when the viscosity is assumed uniform and equal to po. Even in this
case of uniform viscosity, the temperature of the channel will vary because of
forced convection. The higher temperature can be verified in Figure 5.10(a)
and (b), when the fluid temperature near the center of the channel is, in most
cases, in fact higher than the inlet fluid temperature (Tp = Tin, = 21°C).

However, the increase in the fluid velocity near the heated surface (aty = H,
in Figure 5.4), caused by the increase in the fluid temperature and correspond-
ing decrease in the viscosity, is compensated by a corresponding decrease in
the velocity near the center of the channel (at y = 0). Because the fluid is
convecting (being heated) over the entire cross-section of the channel, we
might expect the resulting viscosity decrease to cause an increase in the fluid
velocity, everywhere. However, this would violate the conservation of mass
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principle. A consequence of this cross-section mass-flow conservation, which
must be satisfied along the channel, is observed in Figure 5.4 as a decrease in
velocity near the center of the channel, even when the fluid is heated in this
region.

5.3.3 Nusselt Number and (7) in Porous Media

Figure 5.11 shows the local Nusselt number, Nu, calculated for the max-
imum inlet fluid speed (U = 1 x 1072 m/sec). It shows a very small effect
of temperature-dependent viscosity, with the effect pronounced only when
the heat flux is high (g = 1.0 MW/m?), and only near the entrance of the
channel. By comparing Figure 5.1 (for " = 1.0 MW /m?) and Figure 5.4 (exit
profile, for 4" = 1.0 MW/ m?) we can infer that the local Nusselt number, Nu,
is insensitive to the local velocity profile. Even though the velocity profile is
not yet fully developed (not slug, see Figure 5.4) the local Nusselt number has
already achieved almost the value predicted for the slug-flow configuration
(i.e., Nu = 6) of a fluid with uniform viscosity.

For increasing heat flux, there will be a stronger variation on the viscosity
value along the channel. With minimum inlet fluid speed, this viscosity vari-
ation will be even stronger (as the fluid resides more inside the channel to get
its viscosity affected by the heat seepage), a result of the relatively weak con-
vection (heat transport, as against heat storage) effect. This aspect influences
the heat-transfer process, as it induces upstream conduction. The fluid flow
being weak allows the fluid temperature near the inlet to change drastically.

As the fluid temperature just outside the inlet (i.e., about to enter the
channel) is a constant, a large temperature gradient appears near the inlet
boundary. Hence, heat energy can be transferred by conduction out of the
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FIGURE 5.11
Evolution of Nu along the length (L) of the channel for Umax = 102 m /sec.
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FIGURE 5.12
Evolution of Nu along the length (L) of the channel for Up,j, = 103 m/sec.

channel through the inlet boundary. This phenomenon, termed back-diffusion,
has been observed experimentally and discussed in detail in Porneala (1998).
It is nevertheless, independent of the fluid having a temperature-dependent
viscosity. One particular effect of back-diffusion is the reduction of the local
temperature difference between the wall-temperature and bulk-temperature,
causing the local Nusselt number, Eq. (5.21), to appear higher than normal.
Thisis seen in Figure5.12, forq” = 0.01 MW /m?. As the heat fluxincreases, the
back-diffusion effect becomes relatively weaker because the variation in the
bulk fluid temperature (from channel inlet to outlet) becomes stronger. This
also is captured in Figure 5.12, for ¢ = 1.0 MW /m?. Observe in this case that
the local Nusselt number tends to the known value, Nu = 6, which is valid
for fully developed profile, Darcy flow, and uniform properties, as stated in
Section 5.3.2.

Figure 5.13 presents Nuj, defined in Eq. (5.23). The overall effect of
temperature-dependent viscosity is to increase the surface-averaged heat
transfer by as much as 10% when compared with the Nusselt number obtained
by heating a fluid with uniform viscosity. A further increase in the wall heat
flux would decrease Nu;j towards the value obtained for the uniform vis-
cosity case. From Eq. (5.23), we can infer that when 4H?APr, > 6L,Nuy
tends to the uniform (fully developed) value of the local Nusselt number,
that is, Nu = 6. Evaluating PAO (fluid used) properties at 21°C and consid-
ering the channel geometry (L = 1 m; H = 10cm) that is used to generate
Figure 5.13, this requirement translates into: A > 0.18. This is confirmed by
the results shown in Figure 5.13. Included in Figure 5.13 are results using
Eq. (5.23) with Nu = 6, the Nuj for fully developed flow. The deviation
of the numerical results when A increases is due to the longer developing
length necessary to achieve fully developed flow (see Narasimhan and Lage,
2001d).
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FIGURE 5.13
Nuy, versus A, for temperature-dependent viscosity channel flows.

Ling and Dybbs (1987, 1992) investigated theoretically, the temperature-
dependent fluid viscosity influence on the forced convection through a
semi-infinite porous medium bounded by an isothermal flat plate. The fluid
viscosity was modeled as an inverse linear function of the fluid temperature,
which is a very good model for many liquids, including water and crude oil.
Their study, with fluid flow governed by the Darcy equation was restricted to
heat-transfer analysis. It showed a strong influence of temperature-dependent
viscosity on the heat transfer from the flat plate.

For a similar flat-plate configuration, Postelnicu et al. (2001) considered the
effect of heat generation as well. For non-Darcy flow in the same flat-plate
porous medium flow configuration, Kumari (2001a, 2001b), provided similar
solutions for mixed convection with variable viscosity, under constant and
variable wall heat flux. When compared with the constant viscosity case,
increased heat transfer for liquids while a decreased heat transfer for gases is
observed in both of these works.

5.3.4 Temperature-Dependent Viscosity and Pump Power

For sustaining a desired flow rate in a thermo-hydraulic engineering system
(channels, ducts, etc.), the required pressure-drop is achieved by means of
a pump. Reduction in the power required by this pump, without adversely
affecting the pressure-drop value, is obviously an important issue, which
is given careful thought by the design engineer. Heating the channel for
liquid flow reduces the viscosity, and the M-HDD model predicts the resulting
pressure-drop. Obviously, we might then consider the benefit of heating the
flow as a means to reduce the pumping power. In what follows, we present
the findings of Narasimhan and Lage (2004).
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Taking into consideration that we are forced to spend energy in one form
(heating of the channel) to achieve savings in another form (pump power
reduction), we can define a figure of merit R to establish the energy efficiency
of the entire thermo-hydraulic process as

WMO _ Wh

R = . (5.24)
Q

where W, is the power necessary to pump the fluid without heating, and
W}, is the power necessary to pump the fluid when heating the fluid with a
certain amount of energy Q. In terms of nondimensional quantities, ® and 2,
given by Egs. (5.18) and (5.14), respectively, Eq. (5.24) becomes

R=H®1 - ®)(1+ DA (5.25)
with
A= D;NU (5.26)

Figure 5.14 is obtained by calculating R for several heat fluxes and plotting
the results versus A. The process of heating the fluid to reduce the pump
power becomes increasingly more efficient as A increases, or equivalently,
when the fluid speed increases. In addition, for the same A value, the increase
in heat flux reduces the energy efficiency of the process. This is because of
the nonlinearity of the degree of viscosity reduction with temperature (or
with heat flux). As the heat flux progressively increases by a fixed amount,
the corresponding reduction in fluid viscosity becomes smaller and smaller.
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FIGURE 5.14
Overall energy gain due to u(T) versus fluid speed (1).
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Hotter the fluid becomes; more heat energy is necessary to keep reducing
the viscosity by the same amount. As a result, the reduction in pumping
power, numerator of Eq. (5.24), becomes smaller and smaller for the same
increase in heat flux, denominator of Eq. (5.24). Moreover, hotter the fluid
becomes smaller is the impact (reduction) on the viscous drag. When the fluid
temperature is high enough to render the effect of viscous drag negligible, an
increase in the heating will have no effect on the pump power, whatsoever.

5.4 Perturbation Models

In this section, we will exposit for the same heated porous channel flow
problem, perturbation analysis based predictive models, as presented in
Nield (1999) and Narasimhan et al. (2001a). In essence, these analyses res-
ult in series type modifications to the HDD model, Eq. (5.1), to account for
temperature-dependent viscosity effects. As will be seen, heat-transfer effects
(i.e., uw(T) influence on Nusselt number) also evolve simultaneously, along
with the hydrodynamic effects. While Nield et al. (1999) considered only the
viscous-drag effects (i.e., the macroscopic form of Eq. [5.1], with Cy = 0, is
the starting point for the analysis), Narasimhan et al. (2001a) included the
form-drag effects (i.e., macroscopic form of Eq. [5.1], the HDD model, is the
starting point of the analysis). We proceed to explain here, the more gen-
eral analysis from Narasimhan et al. (2001a), done with the HDD model,
Eq. (5.1).

5.4.1 Physical Model and the Zero-Order Perturbation Solution

Reconsider the unidirectional, parallel-plate porous channel flow of PAO,
being heated by a constant heat flux, q”, at the top and bottom walls (as
depicted in Figure 5.1[b]). Owing to the symmetry of the configuration, we
limit our attention to the top half of the channel, with half-channel distance, H
and length L. Assuming fully developed flow, that is, 9u/3x = 0, and combin-
ing it with the continuity equation, Eq. (5.2), and the impermeable boundary
condition at the channel surface, would yield v = 0. The momentum equation,
Eq. (5.3), written with G = —dp/dx, hence becomes

CopKot? + u(T)u — GKy =0 (5.27)

The energy equation, Eq. (5.4), with the assumption of negligible longitudinal
conduction (or high Péclet number) is,

T  pcp aT

- 2
7 % u o (5.28)
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For thermally fully developed flow, the temperature variation along the
channel, 3T /3x in the RHS of Eq. (5.28), can be related to the bulk-temperature
variation as 9T /dx = 9Ty/dx (see section 3.4 of Bejan, 1995). Applying the
First Law of Thermodynamics for the channel shown in Figure 5.1(b), to
express dTp/dx in terms of the constant heat flux 4”7 and using the result in
Eq. (6.28) yields

/!

(5.29)

3T uy q
ay? (U) keH
Solving Eq. (5.29) would need us to determine the ratio u/U, where U is
the channel cross-section averaged fluid speed. The quadratic equation given
by Eq. (5.27) when solved for u will result in a positive root, which will be
a function of u(T). The solution would resemble

u = F(u(T)) (5.30)

To learn more from this equation, we have to somehow represent, in general,
the temperature dependency of the dynamic viscosity of the fluid. This is
done as an approximation through the second-order Taylor series expansion,
enabling us to express the RHS of Eq. (5.30) as,

1
F(u(T)) = F(ur) + F'(ur) (1 — par) + EF”(Mr)(u — 1e)? (5.31)

where . is the reference viscosity value, evaluated at T = Ty, a suitable refer-
ence temperature (for the channel flow configuration) that is yet to be defined.
Expanding the individual terms in Eq. (5.31) as functions of temperature,
we get

1
F(u(T)) = F(ur) + F'(uo) (T — Tr) + 5 [F’(/Lr)u/r’ + F”(Mr)uf] (T — Tp)?
(5.32)

By substituting for F(u(T)) in Eq. (5.30), we can get progressively, the zero-,
first-, and second-order solutions for # when we use, respectively, the first,
the first and second, or all the terms of Eq. (5.32). The zero-order result, that
is, substituting F(u(T)) = F(u,) in Eq. (5.30), corresponds to the uniform
viscosity case where 1 = Up. Hence, from Eq. (5.27),

G = Eruy + Copti2 (5.33)
Ko

Moreover, simplifying the energy equation using u = Up and integrating it
iny, with 9T /9y = 0aty = 0and T = Ty, at y = H as boundary conditions,
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we get the zero-order temperature distribution

To =Ty — ‘721{1;1 [1 - (%)z] (5.34)

Using the result for T from Eq. (5.34) to rewrite the bulk temperature in
terms of Ty, and substituting the result in the definition of the local Nusselt
number Nu, Eq. (5.21), we can show that Nu = 6, the expected result for
isoflux parallel-plate channel. Clearly, this value remains uncha